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Naïve Multiple Decision-Making

• We see that the decision-maker is avoiding false negatives, but is making a 
lot of false positives, and its false discovery proportion is 4/11; pretty bad! 
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Bonferroni

• Bonferroni avoids those false positives, but is making a lot of false 
negatives, and its false discovery proportion is 1/2; even worse! 

P-
va

lu
e

Hypothesis Index



Is There Something Else We Can Do?
• It’s not clear that any fixed threshold will work, and it’s not 

how to set such a threshold without knowing the truth
• We have to think out of the box: we’ll be developing a 

procedure that works with sorted p-values, and compares 
them to a line with a positive slope, not a horizontal line!

University of California, Berkeley
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A Bayesian Derivation

University of California, Berkeley

• We can (quite reasonably) upper bound      with 1, and 
upper bound                              using Neyman-Pearson 
thinking

• And so the numerator can be controlled; what about the 
denominator?

– in the multiple hypothesis testing problem it’s easy to estimate                   
directly from the data!

⇡0
<latexit sha1_base64="3xtsb4/hq8JYByZC4t0vmy3Kk64=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7br9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx92cY50</latexit>

P (H = 0 |D = 1) =
P (D = 1 |H = 0)P (H = 0)

P (D = 1)

=
P (false positive)⇡0

P (D = 1)

<latexit sha1_base64="8GJCb+pu6Z5tjXYRrRrfGZRD0g0="></latexit>

P (false positive)

<latexit sha1_base64="TJJvi5JRNEjfVA8pl5Qkog8PAIU=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUTUmkoO6KblxWsA9oQplMb9qhkwczk0IJWbrxV9y4UMStn+DOv3GaZqGtBwbOnHMvl3O8mDOpLOvbWFldW9/YLG2Vt3d29/bNg8O2jBJBoUUjHomuRyRwFkJLMcWhGwsggceh441vZ35nAkKyKHxQ0xjcgAxD5jNKlJb65kmzmjoiwD7hEjIH5584kkyxCWTnuG9WrJqVAy8TuyAVVKDZN7+cQUSTAEJFOZGyZ1uxclMiFKMcsrKTSIgJHZMh9DQNSQDSTfMgGT7TygD7kdAvVDhXf2+kJJByGnh6MiBqJBe9mfif10uUf+WmLIwTBSGdH/ITjlWEZ63gARNAFZ9qQqjQ4SmmIyIIVbq7si7BXoy8TNoXNbteu76vVxo3RR0ldIxOURXZ6BI10B1qohai6BE9o1f0ZjwZL8a78TEfXTGKnSP0B8bnD+6AmU4=</latexit>

P (D = 1)
<latexit sha1_base64="GuE5xXFM7FyBdUXAyZ0vvEmcp5c=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuFfQiFPXgsYL9gHYp2TTbhmaTNckKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q0nqjST4sGMY+pHeCBYyAg2VmrXy7foCnmnvWLJrbgzoGXiZaQEGeq94le3L0kSUWEIx1p3PDc2foqVYYTTSaGbaBpjMsID2rFU4IhqP53dO0EnVumjUCpbwqCZ+nsixZHW4yiwnRE2Q73oTcX/vE5iwks/ZSJODBVkvihMODISTZ9HfaYoMXxsCSaK2VsRGWKFibERFWwI3uLLy6RZrXhnler9eal2ncWRhyM4hjJ4cAE1uIM6NIAAh2d4hTfn0Xlx3p2PeWvOyWYO4Q+czx+dIo5h</latexit>



Controlling the FDR

University of California, Berkeley

• Benjamini & Hochberg (1995) proposed an algorithm that does it
• Given     tests, obtain P-values     , and sort them from smallest to 

largest, denoting the sorted P-values as 
– the small ones are the safest to reject

• Now, find the largest    such that:

Pi
<latexit sha1_base64="GyYTPGf2JzL3Lrveya0tktbVXvc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAk7o20</latexit>

m
<latexit sha1_base64="hgrbGyfUs1b/Mr5+M32Ck4D9zmA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP1tuM9Q==</latexit>

P(k)
<latexit sha1_base64="rxX1keHZTdGF11HbQ62rTndfCYw=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mqoMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJaPZpKgH9Gh5CFn1Fip3ehnlfHFtF8qu1V3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtoQvOWXV0mrVvUuq7WHq3L9No+jAKdwBhXw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9Y1J585gT9wPn8AtIOPJw==</latexit>

k
<latexit sha1_base64="S3l8nnBLDerjgmOsR9KRP3N3+lk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f09OM8w==</latexit>
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k

m
↵

<latexit sha1_base64="GQlapvpSpV5jZkvw3VqL6rqUDMU=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUTUmqoMuiG5cV7AOaECbTSTt0ZhJnJkIJWbrxV9y4UMStn+DOv3HaZqGtBy4czrmXe+8JE0aVdpxva2l5ZXVtvbRR3tza3tm19/bbKk4lJi0cs1h2Q6QIo4K0NNWMdBNJEA8Z6YSj64nfeSBS0Vjc6XFCfI4GgkYUI22kwD5qBll1dJpDj5F76EUS4WyUZ9wIiCVDFNgVp+ZMAReJW5AKKNAM7C+vH+OUE6ExQ0r1XCfRfoakppiRvOyliiQIj9CA9AwViBPlZ9NHcnhilD6MYmlKaDhVf09kiCs15qHp5EgP1bw3Ef/zeqmOLv2MiiTVRODZoihlUMdwkgrsU0mwZmNDEJbU3ArxEJkwtMmubEJw519eJO16zT2r1W/PK42rIo4SOATHoApccAEa4AY0QQtg8AiewSt4s56sF+vd+pi1LlnFzAH4A+vzBxpgmWg=</latexit>



Controlling the FDR

University of California, Berkeley

• Benjamini & Hochberg (1995) proposed an algorithm that does it
• Given     tests, obtain P-values     , and sort them from smallest to 

largest, denoting the sorted P-values as 
– the small ones are the safest to reject

• Now, find the largest    such that:

• Reject the null hypothesis (i.e., declare discoveries) for 
all hypotheses       such that 

• This controls the FDR!

Pi
<latexit sha1_base64="GyYTPGf2JzL3Lrveya0tktbVXvc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAk7o20</latexit>

m
<latexit sha1_base64="hgrbGyfUs1b/Mr5+M32Ck4D9zmA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP1tuM9Q==</latexit>

P(k)
<latexit sha1_base64="rxX1keHZTdGF11HbQ62rTndfCYw=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mqoMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJaPZpKgH9Gh5CFn1Fip3ehnlfHFtF8qu1V3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtoQvOWXV0mrVvUuq7WHq3L9No+jAKdwBhXw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9Y1J585gT9wPn8AtIOPJw==</latexit>

k
<latexit sha1_base64="S3l8nnBLDerjgmOsR9KRP3N3+lk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f09OM8w==</latexit>

P(k) 
k

m
↵

<latexit sha1_base64="GQlapvpSpV5jZkvw3VqL6rqUDMU=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUTUmqoMuiG5cV7AOaECbTSTt0ZhJnJkIJWbrxV9y4UMStn+DOv3HaZqGtBy4czrmXe+8JE0aVdpxva2l5ZXVtvbRR3tza3tm19/bbKk4lJi0cs1h2Q6QIo4K0NNWMdBNJEA8Z6YSj64nfeSBS0Vjc6XFCfI4GgkYUI22kwD5qBll1dJpDj5F76EUS4WyUZ9wIiCVDFNgVp+ZMAReJW5AKKNAM7C+vH+OUE6ExQ0r1XCfRfoakppiRvOyliiQIj9CA9AwViBPlZ9NHcnhilD6MYmlKaDhVf09kiCs15qHp5EgP1bw3Ef/zeqmOLv2MiiTVRODZoihlUMdwkgrsU0mwZmNDEJbU3ArxEJkwtMmubEJw519eJO16zT2r1W/PK42rIo4SOATHoApccAEa4AY0QQtg8AiewSt4s56sF+vd+pi1LlnFzAH4A+vzBxpgmWg=</latexit>

Hi
<latexit sha1_base64="84RzC/X9OWly2cCA4dke4lpSP0U=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj00mNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZ6qPd5v1R2K+4cZJV4OSlDjka/9NUbxCyNUBomqNZdz02Mn1FlOBM4LfZSjQllYzrErqWSRqj9bH7qlJxbZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTtCF4yy+vkla14l1WqvdX5dptHkcBTuEMLsCDa6hBHRrQBAZDeIZXeHOE8+K8Ox+L1jUnnzmBP3A+fwAYvo2s</latexit>

i  k
<latexit sha1_base64="O+HV7Cy5TCG0N/KNgT72jOLlGtM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqc9IVOCajXqnsVtw5yCrxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwWuymGhPKRnSAHUsljVD72fzeKTm3Sp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7HnS5wqZERNLKFPc3krYkCrKjI2oaEPwll9eJc1qxbusVB+uyrXbPI4CnMIZXIAH11CDe6hDAxgIeIZXeHPGzovz7nwsWtecfOYE/sD5/AFTbI+A</latexit>

P-
va

lu
e

Hypothesis Index



Heuristic Argument

University of California, Berkeley

• Letting        denote the number of true nulls, we have (very roughly):

↵

<latexit sha1_base64="bZQ+Er1E07LJGye3M0VEPgsqG3E=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhjLZbtq1m03Y3Qgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lg5kkzI9wKHnIKRortXookhH2yxW36s5BVomXkwrkaPTLX71BTNOISUMFat313MT4GSrDqWDTUi/VLEE6xiHrWioxYtrP5tdOyZlVBiSMlS1pyFz9PZFhpPUkCmxnhGakl72Z+J/XTU145WdcJqlhki4WhakgJiaz18mAK0aNmFiCVHF7K6EjVEiNDahkQ/CWX14lrYuqV6te39cq9Zs8jiKcwCmcgweXUIc7aEATKDzCM7zCmxM7L86787FoLTj5zDH8gfP5A49hjyQ=</latexit>

m

<latexit sha1_base64="gmJQOVUg0BxXzrMqAuYYD8PdNoM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrd5OwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ch5hy3AjsJMopDIQ+BCMb2f+wxMqzePo3kwS9CUdRjzkjBorNWW/XHGr7hxklXg5qUCORr/81RvELJUYGSao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupRGVqP1sfuiUnFllQMJY2YoMmau/JzIqtZ7IwHZKakZ62ZuJ/3nd1IRXfsajJDUYscWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/2W2M/Q==</latexit>

k

<latexit sha1_base64="ESqfkpoOzQTKxIV+zY20hF3GUbw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmuN+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ANZljPs=</latexit>

�

<latexit sha1_base64="w6h9Bf4+M1acskkgMSQ1DM2KxtA=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLKF3MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCAzlTNKmZZbTTqIpiIjTdjS+nfntJ6oNU/LBThIaChhKFjMC1kmt3hCEgH654lf9OfAqCXJSQTka/fJXb6BIKqi0hIMx3cBPbJiBtoxwOi31UkMTIGMY0q6jEgQ1YTa/dorPnDLAsdKupMVz9fdEBsKYiYhcpwA7MsveTPzP66Y2vgozJpPUUkkWi+KUY6vw7HU8YJoSyyeOANHM3YrJCDQQ6wIquRCC5ZdXSeuiGtSq1/e1Sv0mj6OITtApOkcBukR1dIcaqIkIekTP6BW9ecp78d69j0VrwctnjtEfeJ8/isuPIQ==</latexit>

FDR  �m0

k
=

↵k
m m0

k
=

↵m0

m
 ↵

<latexit sha1_base64="E3On3lXXn4eEe4NqMggL/Au0SiE="></latexit>

m0

<latexit sha1_base64="q0/hUmRZJ03rEjCeVcJHS6sxbrg=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKQb0VvXisaD+gXUo2zbahSXZJskJZ+hO8eFDEq7/Im//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMnGqKWvSWMS6ExLDBFesabkVrJNoRmQoWDsc38789hPThsfq0U4SFkgyVDzilFgnPci+1y9XvKo3B14lfk4qkKPRL3/1BjFNJVOWCmJM1/cSG2REW04Fm5Z6qWEJoWMyZF1HFZHMBNn81Ck+c8oAR7F2pSyeq78nMiKNmcjQdUpiR2bZm4n/ed3URldBxlWSWqboYlGUCmxjPPsbD7hm1IqJI4Rq7m7FdEQ0odalU3Ih+Msvr5LWRdWvVa/va5X6TR5HEU7gFM7Bh0uowx00oAkUhvAMr/CGBHpB7+hj0VpA+cwx/AH6/AH9O42g</latexit>



Recall that P-Values are Uniform Under the Null

University of California, Berkeley

0
1

0 1

• If there are       such P-values, then there are approximately         
P-values in the interval        , for any      

�<latexit sha1_base64="w6h9Bf4+M1acskkgMSQ1DM2KxtA=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLKF3MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCAzlTNKmZZbTTqIpiIjTdjS+nfntJ6oNU/LBThIaChhKFjMC1kmt3hCEgH654lf9OfAqCXJSQTka/fJXb6BIKqi0hIMx3cBPbJiBtoxwOi31UkMTIGMY0q6jEgQ1YTa/dorPnDLAsdKupMVz9fdEBsKYiYhcpwA7MsveTPzP66Y2vgozJpPUUkkWi+KUY6vw7HU8YJoSyyeOANHM3YrJCDQQ6wIquRCC5ZdXSeuiGtSq1/e1Sv0mj6OITtApOkcBukR1dIcaqIkIekTP6BW9ecp78d69j0VrwctnjtEfeJ8/isuPIQ==</latexit>

(0, �)

<latexit sha1_base64="UHqIhtDbJj3DFVK/D0b0RHvog6k=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQQcquFNRb0YvHCvYDtkvJptk2NNksyaxQlv4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0wEN+C6305hbX1jc6u4XdrZ3ds/KB8etY1KNWUtqoTS3ZAYJnjMWsBBsG6iGZGhYJ1wfDfzO09MG67iR5gkLJBkGPOIUwJW8qvuBe4NiZTkvF+uuDV3DrxKvJxUUI5mv/zVGyiaShYDFcQY33MTCDKigVPBpqVealhC6JgMmW9pTCQzQTY/eYrPrDLAkdK2YsBz9fdERqQxExnaTklgZJa9mfif56cQXQcZj5MUWEwXi6JUYFB49j8ecM0oiIklhGpub8V0RDShYFMq2RC85ZdXSfuy5tVrNw/1SuM2j6OITtApqiIPXaEGukdN1EIUKfSMXtGbA86L8+58LFoLTj5zjP7A+fwBgjaQIA==</latexit>

�

<latexit sha1_base64="w6h9Bf4+M1acskkgMSQ1DM2KxtA=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLKF3MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCAzlTNKmZZbTTqIpiIjTdjS+nfntJ6oNU/LBThIaChhKFjMC1kmt3hCEgH654lf9OfAqCXJSQTka/fJXb6BIKqi0hIMx3cBPbJiBtoxwOi31UkMTIGMY0q6jEgQ1YTa/dorPnDLAsdKupMVz9fdEBsKYiYhcpwA7MsveTPzP66Y2vgozJpPUUkkWi+KUY6vw7HU8YJoSyyeOANHM3YrJCDQQ6wIquRCC5ZdXSeuiGtSq1/e1Sv0mj6OITtApOkcBukR1dIcaqIkIekTP6BW9ecp78d69j0VrwctnjtEfeJ8/isuPIQ==</latexit>

�m0

<latexit sha1_base64="2GnPxgVYPwMm8wqOpPScUk++zU0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6YLKF3MkmGzMwuM7NCCPkLLx4U8erfePNvnCR70MSChqKqm+6uKBHcWN//9nJr6xubW/ntws7u3v5B8fCoYeJUU1ansYh1K0LDBFesbrkVrJVohjISrBmNbmd+84lpw2P1YMcJCyUOFO9zitZJj50BSolEdv1useSX/TnIKgkyUoIMtW7xq9OLaSqZslSgMe3AT2w4QW05FWxa6KSGJUhHOGBtRxVKZsLJ/OIpOXNKj/Rj7UpZMld/T0xQGjOWkeuUaIdm2ZuJ/3nt1PavwglXSWqZootF/VQQG5PZ+6THNaNWjB1Bqrm7ldAhaqTWhVRwIQTLL6+SxkU5qJSv7yul6k0WRx5O4BTOIYBLqMId1KAOFBQ8wyu8ecZ78d69j0VrzstmjuEPvM8f2DKQZQ==</latexit>

m0

<latexit sha1_base64="q0/hUmRZJ03rEjCeVcJHS6sxbrg=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKQb0VvXisaD+gXUo2zbahSXZJskJZ+hO8eFDEq7/Im//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMnGqKWvSWMS6ExLDBFesabkVrJNoRmQoWDsc38789hPThsfq0U4SFkgyVDzilFgnPci+1y9XvKo3B14lfk4qkKPRL3/1BjFNJVOWCmJM1/cSG2REW04Fm5Z6qWEJoWMyZF1HFZHMBNn81Ck+c8oAR7F2pSyeq78nMiKNmcjQdUpiR2bZm4n/ed3URldBxlWSWqboYlGUCmxjPPsbD7hm1IqJI4Rq7m7FdEQ0odalU3Ih+Msvr5LWRdWvVa/va5X6TR5HEU7gFM7Bh0uowx00oAkUhvAMr/CGBHpB7+hj0VpA+cwx/AH6/AH9O42g</latexit>



The Online Problem

University of California, Berkeley

• Classical statistics, and also the Benjamini & Hochberg 
framework, focused on a batch setting in which all data has 
already been collected

• E.g., for Benjamini & Hochberg, you need all of the p-values 
before you can get started

• Is is possible to consider methods that make sequences of 
decisions, and provide FDR control at any moment in time

• Is it conceivable that one can achieve lifetime FDR control?



A More General Approach: Time-Varying Alpha
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More Challenges

University of California, Berkeley

• We want to keep going for an arbitrary amount of time, so we 
need                     , and                    for any fixed

• An example:   
• But now we have less and less power to make discoveries 

over time, and eventually we may as well quit
• Is there any way out of this dilemma?

T
<latexit sha1_base64="/gB8yujX3LXeeCX9/oPnpsBAmb0="></latexit>

P1
t=1 ↵t = 1

<latexit sha1_base64="+7rm93r3R5upQdpNKaSJZl/5aYs="></latexit>

PT
t=1 ↵t < 1

<latexit sha1_base64="A7hrbwBNEPo3uFHGLHRHrQfaJ+8="></latexit>

↵t = 2�t
<latexit sha1_base64="1BklpRvPrVx4RzsLCHSyjw26vAw="></latexit>



A Glimmer of Hope

University of California, Berkeley

• Recall that the FDP is a ratio of two counts
• We can make a ratio small in one of two ways:

– make the numerator small
– make the denominator big

• The numerator has the false-positive rate in it, and so in 
terms of controlling the numerator we’re back to the same 
problem of controlling sums of      values 

• The denominator can be made large by making lots of 
discoveries

• Perhaps we can earn a bit of alpha whenever we make a 
discovery, to be invested and used for false discoveries later

↵i
<latexit sha1_base64="ICHJ1RTwvz0g91/MjAa8JiUZclM="></latexit>



The Tower Property of Conditional Expectation
• A really important theorem from probability theory:

“the average of an average is an average”

• Note that                    is a random variable
– roughly, it averages over      in any region in the sample space where     is a 

constant, yielding something like a “step function” over the sample space
– and the outer expectation averages over those averages, weighting them 

appropriately 

E[X] = E [E[X |Y ]]

<latexit sha1_base64="IdOeKlRcb4nVJdNY0eq1drwWfKE=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4KGVGCuqiUBTBZQX7kJmhZNJMG5p5kNwRytivceOvuHFREXHnp5g+wNp6IHByzr3ce48XC67ANL+MzMrq2vpGdjO3tb2zu5ffP2ioKJGU1WkkItnyiGKCh6wOHARrxZKRwBOs6fWvx37zkUnFo/AeBjFzA9INuc8pAS218xUnINDzvPRmaLdcXMG//5wjmA/2fAF2ik9OET+4juTdHrjtfMEsmRPgZWLNSAHNUGvnR04noknAQqCCKGVbZgxuSiRwKpgemSgWE9onXWZrGpKAKTednDnEJ1rpYD+S+oWAJ+p8R0oCpQaBpyvHO6tFbyz+59kJ+BduysM4ARbS6SA/ERgiPM4Md7hkFMRAE0Il17ti2iOSUNDJ5nQI1uLJy6RxVrLKpcu7cqF6NYsji47QMTpFFjpHVXSLaqiOKHpGr2iE3o0X4834MD6npRlj1nOI/sD4/gGDG6Uz</latexit>

E[X |Y ]

<latexit sha1_base64="3RYqbGlkicZq36T5WQ7R+bPHPWQ=">AAAB/3icbVDLSsNAFJ34rPEVFdy4GSyCi1ISKai7ogguK9iHJKFMppN26GQSZiZCSbvwV9y4UMStv+HOv3HSZqGtBwYO59zLPXOChFGpbPvbWFpeWV1bL22Ym1vbO7vW3n5LxqnApIljFotOgCRhlJOmooqRTiIIigJG2sHwOvfbj0RIGvN7NUqIH6E+pyHFSGmpax2aXoTUIAiym4nbgV5l7FXgg9+1ynbVngIuEqcgZVCg0bW+vF6M04hwhRmS0nXsRPkZEopiRiaml0qSIDxEfeJqylFEpJ9N80/giVZ6MIyFflzBqfp7I0ORlKMo0JN5WDnv5eJ/npuq8MLPKE9SRTieHQpTBlUM8zJgjwqCFRtpgrCgOivEAyQQVroyU5fgzH95kbTOqk6tenlXK9evijpK4Agcg1PggHNQB7egAZoAgzF4Bq/gzXgyXox342M2umQUOwfgD4zPHwtWlNk=</latexit>

X

<latexit sha1_base64="EQP16YkNTeHei7Ns0kVAPRQwpOg=">AAAB6XicbVBNS8NAEJ3Urxq/qh69LBbBU0mkoN6KXjxWsR/QhrLZTtqlm03Y3Qil9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5YSq4Np737RTW1jc2t4rb7s7u3v5B6fCoqZNMMWywRCSqHVKNgktsGG4EtlOFNA4FtsLR7cxvPaHSPJGPZpxiENOB5BFn1FjpwW33SmWv4s1BVomfkzLkqPdKX91+wrIYpWGCat3xvdQEE6oMZwKnbjfTmFI2ogPsWCppjDqYzC+dkjOr9EmUKFvSkLn6e2JCY63HcWg7Y2qGetmbif95ncxEV8GEyzQzKNliUZQJYhIye5v0uUJmxNgSyhS3txI2pIoyY8NxbQj+8surpHlR8auV6/tquXaTx1GEEziFc/DhEmpwB3VoAIMInuEV3pyR8+K8Ox+L1oKTzxzDHzifP+2vjPw=</latexit>

Y

<latexit sha1_base64="fSGKkLd74Qx2c7owXCMPMYXetpo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwkWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81jem3GCfkQHkoecUWOl+kOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A7sdjOk=</latexit>
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Online FDR Algorithms
• The first online FDR algorithm was known as “alpha 

investing” and is due to Foster and Stine (2008)
• A more recent (and simpler) online FDR algorithm is due 

to Javanmard and Montanari, and is called “LORD”
• The basic idea is to renew the alpha wealth every time a 

discovery (i.e., rejection) is made, and decay that wealth 
forward in time

• The current wealth is the sum of all of the decayed values 
of the past wealth increments



Algorithm 1 The LORD Procedure

input: FDR level ↵, non-increasing sequence {�t}1t=1 such that
P1

t=1 �t = 1,

initial wealth W0  ↵
Set ↵1 = �1W0

for t = 1, 2, . . . do
p-value Pt arrives

if Pt  ↵t, reject Pt

↵t+1 = �t+1W0 + �t+1�⌧1(↵�W0)1{⌧1 < t}+ ↵
P1

j=1 �t+1�⌧j1{⌧j < t},

where ⌧j is time of j-th rejection ⌧j = min{k :
Pk

l=1 1{Pl  ↵l} = j}
end

<latexit sha1_base64="wC1PLjEpYYrrmqqlpeOpSpnjjVk="></latexit>



A Stripped-Down Version of LORD
• Only consider the most recent rejection
• This renews the wealth, which further decays
• Why does such an approach provide control over the FDR?

t
<latexit sha1_base64="btWuKJH9/rrCxCKL5tGKBdwWU5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ipp16reRbXWvKzUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4XeM/A==</latexit>



A Stripped-Down Version of LORD
• Only consider the most recent rejection
• This renews the wealth, which further decays
• Why does such an approach provide control over the FDR?

• Return to the Bayesian perspective, and consider the 
following estimate (an upper bound) of the FDP:

• The denominator is just the number of rejections until time   , 
and the numerator is an upper bound on the probability of 
one or more false-positive errors

[FDP(t) :=

Pt
i=1 ↵iPt

i=1 1{Pi  ↵i}
<latexit sha1_base64="fPmMzC+/05kHndxBxfD5KPWyhHg="></latexit>

t
<latexit sha1_base64="btWuKJH9/rrCxCKL5tGKBdwWU5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ipp16reRbXWvKzUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4XeM/A==</latexit>



Analysis
• Break up the sum                into “episodes” between the 

rejections

Pt
i=1 ↵i

<latexit sha1_base64="lwrXp43lBanTTGFvHLpBs4YSQEo=">AAAB/nicbVDLSsNAFJ34rPEVFVduBkvBVUnqQjdC0Y3LCvYBTQyT6aQdOjMJMxOhhII/4sKNC0Xc+h1u1A9x7/Sx0NYDFw7n3Mu990Qpo0q77pe1sLi0vLJaWLPXNza3tp2d3YZKMolJHScska0IKcKoIHVNNSOtVBLEI0aaUf9i5DdviVQ0Edd6kJKAo66gMcVIGyl09n2V8TCnZ97wRkMfsbSHQho6RbfsjgHniTclxWrp+/Pj3u7WQufd7yQ440RozJBSbc9NdZAjqSlmZGj7mSIpwn3UJW1DBeJEBfn4/CEsGaUD40SaEhqO1d8TOeJKDXhkOjnSPTXrjcT/vHam49MgpyLNNBF4sijOGNQJHGUBO1QSrNnAEIQlNbdC3EMSYW0Ss00I3uzL86RRKXvH5cqVV6yegwkK4AAcgiPggRNQBZegBuoAgxw8gCfwbN1Zj9aL9TppXbCmM3vgD6y3H3fimZA=</latexit>



Analysis
• Break up the sum                into “episodes” between the 

rejections
• In each episode, the sum is upper bounded by                        , 

by the definition of (simplified) LORD, where    is the episode 
length and    is the time of the most recent rejection

Pt
i=1 ↵i

<latexit sha1_base64="lwrXp43lBanTTGFvHLpBs4YSQEo=">AAAB/nicbVDLSsNAFJ34rPEVFVduBkvBVUnqQjdC0Y3LCvYBTQyT6aQdOjMJMxOhhII/4sKNC0Xc+h1u1A9x7/Sx0NYDFw7n3Mu990Qpo0q77pe1sLi0vLJaWLPXNza3tp2d3YZKMolJHScska0IKcKoIHVNNSOtVBLEI0aaUf9i5DdviVQ0Edd6kJKAo66gMcVIGyl09n2V8TCnZ97wRkMfsbSHQho6RbfsjgHniTclxWrp+/Pj3u7WQufd7yQ440RozJBSbc9NdZAjqSlmZGj7mSIpwn3UJW1DBeJEBfn4/CEsGaUD40SaEhqO1d8TOeJKDXhkOjnSPTXrjcT/vHam49MgpyLNNBF4sijOGNQJHGUBO1QSrNnAEIQlNbdC3EMSYW0Ss00I3uzL86RRKXvH5cqVV6yegwkK4AAcgiPggRNQBZegBuoAgxw8gCfwbN1Zj9aL9TppXbCmM3vgD6y3H3fimZA=</latexit>

↵
Pt0

i=1 �i+1�⌧
<latexit sha1_base64="Zp6dCHZ7qn1O7Zlx/mW+ikZYegg="></latexit>

t0
<latexit sha1_base64="QQfJzaboh+WjgYAzUr0HrZuQkiQ=">AAAB8XicbZDLSgMxFIYzXut4q7p0EyyCqzJTF7oRi25cVrAXbMeSSTNtaJIZkjNCGfoWblwooksfxL0b8W1MLwtt/SHw8f/nkHNOmAhuwPO+nYXFpeWV1dyau76xubWd39mtmTjVlFVpLGLdCIlhgitWBQ6CNRLNiAwFq4f9y1Fev2fa8FjdwCBhgSRdxSNOCVjrFu6yVqK5ZMN2vuAVvbHwPPhTKJx/uGfJ25dbaec/W52YppIpoIIY0/S9BIKMaOBUsKHbSg1LCO2TLmtaVEQyE2TjiYf40DodHMXaPgV47P7uyIg0ZiBDWykJ9MxsNjL/y5opRKdBxlWSAlN08lGUCgwxHq2PO1wzCmJggVDN7ayY9ogmFOyRXHsEf3bleaiViv5xsXTtF8oXaKIc2kcH6Aj56ASV0RWqoCqiSKEH9ISeHeM8Oi/O66R0wZn27KE/ct5/AGbJlGM=</latexit>

⌧
<latexit sha1_base64="QjgZ/vzGFJQ/CILmoemfegd33OM=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCqzJTF7oRi25cVrAXaIeSSTNtaJIZkjNCGfoKblwo4k58FvduxLcx03ahrT8EPv7/HHLOCRPBDXjet7O0vLK6tl7YcDe3tnd2i3v7DROnmrI6jUWsWyExTHDF6sBBsFaiGZGhYM1weJ3nzXumDY/VHYwSFkjSVzzilEBudYCk3WLJK3sT4UXwZ1C6/HAvkrcvt9YtfnZ6MU0lU0AFMabtewkEGdHAqWBjt5MalhA6JH3WtqiIZCbIJrOO8bF1ejiKtX0K8MT93ZERacxIhrZSEhiY+Sw3/8vaKUTnQcZVkgJTdPpRlAoMMc4Xxz2uGQUxskCo5nZWTAdEEwr2PK49gj+/8iI0KmX/tFy59UvVKzRVAR2iI3SCfHSGqugG1VAdUTRAD+gJPTvSeXRenNdp6ZIz6zlAf+S8/wCCUpGK</latexit>



Analysis
• Break up the sum                into “episodes” between the 

rejections
• In each episode, the sum is upper bounded by                        , 

by the definition of (simplified) LORD, where    is the episode 
length and    is the time of the most recent rejection

• This sum is less than    by the definition of the        sequence

Pt
i=1 ↵i

<latexit sha1_base64="lwrXp43lBanTTGFvHLpBs4YSQEo=">AAAB/nicbVDLSsNAFJ34rPEVFVduBkvBVUnqQjdC0Y3LCvYBTQyT6aQdOjMJMxOhhII/4sKNC0Xc+h1u1A9x7/Sx0NYDFw7n3Mu990Qpo0q77pe1sLi0vLJaWLPXNza3tp2d3YZKMolJHScska0IKcKoIHVNNSOtVBLEI0aaUf9i5DdviVQ0Edd6kJKAo66gMcVIGyl09n2V8TCnZ97wRkMfsbSHQho6RbfsjgHniTclxWrp+/Pj3u7WQufd7yQ440RozJBSbc9NdZAjqSlmZGj7mSIpwn3UJW1DBeJEBfn4/CEsGaUD40SaEhqO1d8TOeJKDXhkOjnSPTXrjcT/vHam49MgpyLNNBF4sijOGNQJHGUBO1QSrNnAEIQlNbdC3EMSYW0Ss00I3uzL86RRKXvH5cqVV6yegwkK4AAcgiPggRNQBZegBuoAgxw8gCfwbN1Zj9aL9TppXbCmM3vgD6y3H3fimZA=</latexit>

↵
Pt0

i=1 �i+1�⌧
<latexit sha1_base64="Zp6dCHZ7qn1O7Zlx/mW+ikZYegg="></latexit>

t0
<latexit sha1_base64="QQfJzaboh+WjgYAzUr0HrZuQkiQ=">AAAB8XicbZDLSgMxFIYzXut4q7p0EyyCqzJTF7oRi25cVrAXbMeSSTNtaJIZkjNCGfoWblwooksfxL0b8W1MLwtt/SHw8f/nkHNOmAhuwPO+nYXFpeWV1dyau76xubWd39mtmTjVlFVpLGLdCIlhgitWBQ6CNRLNiAwFq4f9y1Fev2fa8FjdwCBhgSRdxSNOCVjrFu6yVqK5ZMN2vuAVvbHwPPhTKJx/uGfJ25dbaec/W52YppIpoIIY0/S9BIKMaOBUsKHbSg1LCO2TLmtaVEQyE2TjiYf40DodHMXaPgV47P7uyIg0ZiBDWykJ9MxsNjL/y5opRKdBxlWSAlN08lGUCgwxHq2PO1wzCmJggVDN7ayY9ogmFOyRXHsEf3bleaiViv5xsXTtF8oXaKIc2kcH6Aj56ASV0RWqoCqiSKEH9ISeHeM8Oi/O66R0wZn27KE/ct5/AGbJlGM=</latexit>

⌧
<latexit sha1_base64="QjgZ/vzGFJQ/CILmoemfegd33OM=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCqzJTF7oRi25cVrAXaIeSSTNtaJIZkjNCGfoKblwo4k58FvduxLcx03ahrT8EPv7/HHLOCRPBDXjet7O0vLK6tl7YcDe3tnd2i3v7DROnmrI6jUWsWyExTHDF6sBBsFaiGZGhYM1weJ3nzXumDY/VHYwSFkjSVzzilEBudYCk3WLJK3sT4UXwZ1C6/HAvkrcvt9YtfnZ6MU0lU0AFMabtewkEGdHAqWBjt5MalhA6JH3WtqiIZCbIJrOO8bF1ejiKtX0K8MT93ZERacxIhrZSEhiY+Sw3/8vaKUTnQcZVkgJTdPpRlAoMMc4Xxz2uGQUxskCo5nZWTAdEEwr2PK49gj+/8iI0KmX/tFy59UvVKzRVAR2iI3SCfHSGqugG1VAdUTRAD+gJPTvSeXRenNdp6ZIz6zlAf+S8/wCCUpGK</latexit>

↵
<latexit sha1_base64="kgwprm32kIdV6MIQimReE6amqDE=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWIQrMJuLLQRgzaWEcwFkiWcncwmY2ZnhplZISx5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOZFkVBvf/3ZyS8srq2v5dXdjc2t7p7C7V9ciVZjUsGBCNSPQhFFOaoYaRppSEUgiRhrR4GqcN+6J0lTwWzOUJEygx2lMMRhr1dvAZB86haJf8ifyFiGYQfHiwz2Xb19utVP4bHcFThPCDWagdSvwpQkzUIZiRkZuO9VEAh5Aj7QsckiIDrPJtCPvyDpdLxbKPm68ifu7I4NE62ES2coETF/PZ2Pzv6yVmvgszCiXqSEcTz+KU+YZ4Y1X97pUEWzY0AJgRe2sHu6DAmzsgVx7hGB+5UWol0vBSal8ExQrl2iqPDpAh+gYBegUVdA1qqIawugOPaAn9OwI59F5cV6npTln1rOP/sh5/wHsppJa</latexit>

{�i}
<latexit sha1_base64="VzbsA9UgJ7/vo9NevjIiBRqSdOY=">AAAB83icbVDLSgNBEOyNrxhfUY9ehgRBEMJuPOhx0YvHCOYB2SXMTibJkJnZZWZWWJb8hXjxoIhXf8Zb/sbJ46CJBQ1FVTfdXVHCmTauO3UKG5tb2zvF3dLe/sHhUfn4pKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6b+e0nqjSL5aPJEhoKPJRswAg2VgqCPBhiIXCPBZNeuerW3DnQOvGWpOpXgsvnqZ81euXvoB+TVFBpCMdadz03MWGOlWGE00kpSDVNMBnjIe1aKrGgOsznN0/QuVX6aBArW9Kgufp7IsdC60xEtlNgM9Kr3kz8z+umZnAT5kwmqaGSLBYNUo5MjGYBoD5TlBieWYKJYvZWREZYYWJsTCUbgrf68jpp1WveVa3+4FX9W1igCGdQgQvw4Bp8uIcGNIFAAi/wBu9O6rw6H87norXgLGdO4Q+crx9TmJTZ</latexit>



Analysis
• Break up the sum                into “episodes” between the 

rejections
• In each episode, the sum is upper bounded by                        , 

by the definition of (simplified) LORD, where    is the episode 
length and    is the time of the most recent rejection

• This sum is less than    by the definition of the        sequence
• The number of episodes is:      

Pt
i=1 ↵i

<latexit sha1_base64="lwrXp43lBanTTGFvHLpBs4YSQEo=">AAAB/nicbVDLSsNAFJ34rPEVFVduBkvBVUnqQjdC0Y3LCvYBTQyT6aQdOjMJMxOhhII/4sKNC0Xc+h1u1A9x7/Sx0NYDFw7n3Mu990Qpo0q77pe1sLi0vLJaWLPXNza3tp2d3YZKMolJHScska0IKcKoIHVNNSOtVBLEI0aaUf9i5DdviVQ0Edd6kJKAo66gMcVIGyl09n2V8TCnZ97wRkMfsbSHQho6RbfsjgHniTclxWrp+/Pj3u7WQufd7yQ440RozJBSbc9NdZAjqSlmZGj7mSIpwn3UJW1DBeJEBfn4/CEsGaUD40SaEhqO1d8TOeJKDXhkOjnSPTXrjcT/vHam49MgpyLNNBF4sijOGNQJHGUBO1QSrNnAEIQlNbdC3EMSYW0Ss00I3uzL86RRKXvH5cqVV6yegwkK4AAcgiPggRNQBZegBuoAgxw8gCfwbN1Zj9aL9TppXbCmM3vgD6y3H3fimZA=</latexit>

↵
Pt0

i=1 �i+1�⌧
<latexit sha1_base64="Zp6dCHZ7qn1O7Zlx/mW+ikZYegg="></latexit>

t0
<latexit sha1_base64="QQfJzaboh+WjgYAzUr0HrZuQkiQ=">AAAB8XicbZDLSgMxFIYzXut4q7p0EyyCqzJTF7oRi25cVrAXbMeSSTNtaJIZkjNCGfoWblwooksfxL0b8W1MLwtt/SHw8f/nkHNOmAhuwPO+nYXFpeWV1dyau76xubWd39mtmTjVlFVpLGLdCIlhgitWBQ6CNRLNiAwFq4f9y1Fev2fa8FjdwCBhgSRdxSNOCVjrFu6yVqK5ZMN2vuAVvbHwPPhTKJx/uGfJ25dbaec/W52YppIpoIIY0/S9BIKMaOBUsKHbSg1LCO2TLmtaVEQyE2TjiYf40DodHMXaPgV47P7uyIg0ZiBDWykJ9MxsNjL/y5opRKdBxlWSAlN08lGUCgwxHq2PO1wzCmJggVDN7ayY9ogmFOyRXHsEf3bleaiViv5xsXTtF8oXaKIc2kcH6Aj56ASV0RWqoCqiSKEH9ISeHeM8Oi/O66R0wZn27KE/ct5/AGbJlGM=</latexit>

⌧
<latexit sha1_base64="QjgZ/vzGFJQ/CILmoemfegd33OM=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCqzJTF7oRi25cVrAXaIeSSTNtaJIZkjNCGfoKblwo4k58FvduxLcx03ahrT8EPv7/HHLOCRPBDXjet7O0vLK6tl7YcDe3tnd2i3v7DROnmrI6jUWsWyExTHDF6sBBsFaiGZGhYM1weJ3nzXumDY/VHYwSFkjSVzzilEBudYCk3WLJK3sT4UXwZ1C6/HAvkrcvt9YtfnZ6MU0lU0AFMabtewkEGdHAqWBjt5MalhA6JH3WtqiIZCbIJrOO8bF1ejiKtX0K8MT93ZERacxIhrZSEhiY+Sw3/8vaKUTnQcZVkgJTdPpRlAoMMc4Xxz2uGQUxskCo5nZWTAdEEwr2PK49gj+/8iI0KmX/tFy59UvVKzRVAR2iI3SCfHSGqugG1VAdUTRAD+gJPTvSeXRenNdp6ZIz6zlAf+S8/wCCUpGK</latexit>

↵
<latexit sha1_base64="kgwprm32kIdV6MIQimReE6amqDE=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWIQrMJuLLQRgzaWEcwFkiWcncwmY2ZnhplZISx5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOZFkVBvf/3ZyS8srq2v5dXdjc2t7p7C7V9ciVZjUsGBCNSPQhFFOaoYaRppSEUgiRhrR4GqcN+6J0lTwWzOUJEygx2lMMRhr1dvAZB86haJf8ifyFiGYQfHiwz2Xb19utVP4bHcFThPCDWagdSvwpQkzUIZiRkZuO9VEAh5Aj7QsckiIDrPJtCPvyDpdLxbKPm68ifu7I4NE62ES2coETF/PZ2Pzv6yVmvgszCiXqSEcTz+KU+YZ4Y1X97pUEWzY0AJgRe2sHu6DAmzsgVx7hGB+5UWol0vBSal8ExQrl2iqPDpAh+gYBegUVdA1qqIawugOPaAn9OwI59F5cV6npTln1rOP/sh5/wHsppJa</latexit>

{�i}
<latexit sha1_base64="VzbsA9UgJ7/vo9NevjIiBRqSdOY=">AAAB83icbVDLSgNBEOyNrxhfUY9ehgRBEMJuPOhx0YvHCOYB2SXMTibJkJnZZWZWWJb8hXjxoIhXf8Zb/sbJ46CJBQ1FVTfdXVHCmTauO3UKG5tb2zvF3dLe/sHhUfn4pKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6b+e0nqjSL5aPJEhoKPJRswAg2VgqCPBhiIXCPBZNeuerW3DnQOvGWpOpXgsvnqZ81euXvoB+TVFBpCMdadz03MWGOlWGE00kpSDVNMBnjIe1aKrGgOsznN0/QuVX6aBArW9Kgufp7IsdC60xEtlNgM9Kr3kz8z+umZnAT5kwmqaGSLBYNUo5MjGYBoD5TlBieWYKJYvZWREZYYWJsTCUbgrf68jpp1WveVa3+4FX9W1igCGdQgQvw4Bp8uIcGNIFAAi/wBu9O6rw6H87norXgLGdO4Q+crx9TmJTZ</latexit>Pt

i=1 1{Pi  ↵i}
<latexit sha1_base64="GV3nyZYU8voR87SAggUxAA6z8W0=">AAACDHicbVC7TsMwFHXKq4RXgZHFoqrEVMVlgAWpgoWxSPQhNSFyXKe1aifBdpCqqB/Awh/wDSwMIMTKB7AAH8KO+xig5UiWjs45V9f3BAlnSjvOl5VbWFxaXsmv2mvrG5tbhe2dhopTSWidxDyWrQAryllE65ppTluJpFgEnDaD/tnIb95QqVgcXepBQj2BuxELGcHaSH6h6KpU+Bk7QcMrDZGb1XwGXU6voYt50sM+c4cm5ZSdMeA8QVNSrJa+Pz/u7W7NL7y7nZikgkaacKxUGzmJ9jIsNSOcDm03VTTBpI+7tG1ohAVVXjY+ZghLRunAMJbmRRqO1d8TGRZKDURgkgLrnpr1RuJ/XjvV4bGXsShJNY3IZFGYcqhjOGoGdpikRPOBIZhIZv4KSQ9LTLTpzzYloNmT50mjUkaH5coFKlZPwQR5sAf2wQFA4AhUwTmogTog4BY8gCfwbN1Zj9aL9TqJ5qzpzC74A+vtB1+SnvM=</latexit>



Analysis
• Break up the sum                into “episodes” between the 

rejections
• In each episode, the sum is upper bounded by                        , 

by the definition of (simplified) LORD, where    is the episode 
length and    is the time of the most recent rejection

• This sum is less than    by the definition of the        sequence
• The number of episodes is:      
• And so we conclude:

[FDP(t) :=

Pt
i=1 ↵iPt

i=1 1{Pi  ↵i}
<latexit sha1_base64="fPmMzC+/05kHndxBxfD5KPWyhHg="></latexit>

Pt
i=1 ↵i

<latexit sha1_base64="lwrXp43lBanTTGFvHLpBs4YSQEo=">AAAB/nicbVDLSsNAFJ34rPEVFVduBkvBVUnqQjdC0Y3LCvYBTQyT6aQdOjMJMxOhhII/4sKNC0Xc+h1u1A9x7/Sx0NYDFw7n3Mu990Qpo0q77pe1sLi0vLJaWLPXNza3tp2d3YZKMolJHScska0IKcKoIHVNNSOtVBLEI0aaUf9i5DdviVQ0Edd6kJKAo66gMcVIGyl09n2V8TCnZ97wRkMfsbSHQho6RbfsjgHniTclxWrp+/Pj3u7WQufd7yQ440RozJBSbc9NdZAjqSlmZGj7mSIpwn3UJW1DBeJEBfn4/CEsGaUD40SaEhqO1d8TOeJKDXhkOjnSPTXrjcT/vHam49MgpyLNNBF4sijOGNQJHGUBO1QSrNnAEIQlNbdC3EMSYW0Ss00I3uzL86RRKXvH5cqVV6yegwkK4AAcgiPggRNQBZegBuoAgxw8gCfwbN1Zj9aL9TppXbCmM3vgD6y3H3fimZA=</latexit>

↵
Pt0

i=1 �i+1�⌧
<latexit sha1_base64="Zp6dCHZ7qn1O7Zlx/mW+ikZYegg="></latexit>

t0
<latexit sha1_base64="QQfJzaboh+WjgYAzUr0HrZuQkiQ=">AAAB8XicbZDLSgMxFIYzXut4q7p0EyyCqzJTF7oRi25cVrAXbMeSSTNtaJIZkjNCGfoWblwooksfxL0b8W1MLwtt/SHw8f/nkHNOmAhuwPO+nYXFpeWV1dyau76xubWd39mtmTjVlFVpLGLdCIlhgitWBQ6CNRLNiAwFq4f9y1Fev2fa8FjdwCBhgSRdxSNOCVjrFu6yVqK5ZMN2vuAVvbHwPPhTKJx/uGfJ25dbaec/W52YppIpoIIY0/S9BIKMaOBUsKHbSg1LCO2TLmtaVEQyE2TjiYf40DodHMXaPgV47P7uyIg0ZiBDWykJ9MxsNjL/y5opRKdBxlWSAlN08lGUCgwxHq2PO1wzCmJggVDN7ayY9ogmFOyRXHsEf3bleaiViv5xsXTtF8oXaKIc2kcH6Aj56ASV0RWqoCqiSKEH9ISeHeM8Oi/O66R0wZn27KE/ct5/AGbJlGM=</latexit>

⌧
<latexit sha1_base64="QjgZ/vzGFJQ/CILmoemfegd33OM=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCqzJTF7oRi25cVrAXaIeSSTNtaJIZkjNCGfoKblwo4k58FvduxLcx03ahrT8EPv7/HHLOCRPBDXjet7O0vLK6tl7YcDe3tnd2i3v7DROnmrI6jUWsWyExTHDF6sBBsFaiGZGhYM1weJ3nzXumDY/VHYwSFkjSVzzilEBudYCk3WLJK3sT4UXwZ1C6/HAvkrcvt9YtfnZ6MU0lU0AFMabtewkEGdHAqWBjt5MalhA6JH3WtqiIZCbIJrOO8bF1ejiKtX0K8MT93ZERacxIhrZSEhiY+Sw3/8vaKUTnQcZVkgJTdPpRlAoMMc4Xxz2uGQUxskCo5nZWTAdEEwr2PK49gj+/8iI0KmX/tFy59UvVKzRVAR2iI3SCfHSGqugG1VAdUTRAD+gJPTvSeXRenNdp6ZIz6zlAf+S8/wCCUpGK</latexit>

↵
<latexit sha1_base64="kgwprm32kIdV6MIQimReE6amqDE=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWIQrMJuLLQRgzaWEcwFkiWcncwmY2ZnhplZISx5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOZFkVBvf/3ZyS8srq2v5dXdjc2t7p7C7V9ciVZjUsGBCNSPQhFFOaoYaRppSEUgiRhrR4GqcN+6J0lTwWzOUJEygx2lMMRhr1dvAZB86haJf8ifyFiGYQfHiwz2Xb19utVP4bHcFThPCDWagdSvwpQkzUIZiRkZuO9VEAh5Aj7QsckiIDrPJtCPvyDpdLxbKPm68ifu7I4NE62ES2coETF/PZ2Pzv6yVmvgszCiXqSEcTz+KU+YZ4Y1X97pUEWzY0AJgRe2sHu6DAmzsgVx7hGB+5UWol0vBSal8ExQrl2iqPDpAh+gYBegUVdA1qqIawugOPaAn9OwI59F5cV6npTln1rOP/sh5/wHsppJa</latexit>

{�i}
<latexit sha1_base64="VzbsA9UgJ7/vo9NevjIiBRqSdOY=">AAAB83icbVDLSgNBEOyNrxhfUY9ehgRBEMJuPOhx0YvHCOYB2SXMTibJkJnZZWZWWJb8hXjxoIhXf8Zb/sbJ46CJBQ1FVTfdXVHCmTauO3UKG5tb2zvF3dLe/sHhUfn4pKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6b+e0nqjSL5aPJEhoKPJRswAg2VgqCPBhiIXCPBZNeuerW3DnQOvGWpOpXgsvnqZ81euXvoB+TVFBpCMdadz03MWGOlWGE00kpSDVNMBnjIe1aKrGgOsznN0/QuVX6aBArW9Kgufp7IsdC60xEtlNgM9Kr3kz8z+umZnAT5kwmqaGSLBYNUo5MjGYBoD5TlBieWYKJYvZWREZYYWJsTCUbgrf68jpp1WveVa3+4FX9W1igCGdQgQvw4Bp8uIcGNIFAAi/wBu9O6rw6H87norXgLGdO4Q+crx9TmJTZ</latexit>Pt

i=1 1{Pi  ↵i}
<latexit sha1_base64="GV3nyZYU8voR87SAggUxAA6z8W0=">AAACDHicbVC7TsMwFHXKq4RXgZHFoqrEVMVlgAWpgoWxSPQhNSFyXKe1aifBdpCqqB/Awh/wDSwMIMTKB7AAH8KO+xig5UiWjs45V9f3BAlnSjvOl5VbWFxaXsmv2mvrG5tbhe2dhopTSWidxDyWrQAryllE65ppTluJpFgEnDaD/tnIb95QqVgcXepBQj2BuxELGcHaSH6h6KpU+Bk7QcMrDZGb1XwGXU6voYt50sM+c4cm5ZSdMeA8QVNSrJa+Pz/u7W7NL7y7nZikgkaacKxUGzmJ9jIsNSOcDm03VTTBpI+7tG1ohAVVXjY+ZghLRunAMJbmRRqO1d8TGRZKDURgkgLrnpr1RuJ/XjvV4bGXsShJNY3IZFGYcqhjOGoGdpikRPOBIZhIZv4KSQ9LTLTpzzYloNmT50mjUkaH5coFKlZPwQR5sAf2wQFA4AhUwTmogTog4BY8gCfwbN1Zj9aL9TqJ5qzpzC74A+vtB1+SnvM=</latexit>

 ↵
<latexit sha1_base64="I4dWop8fl9Yj+iLISebrxrk/qQA=">AAAB83icbVC7SgNBFJ2Nrxhf8dHZDAbBKuzGQsugjYVFBPOA3SXMTu4mQ2Znx5lZISz5DRsLRWz9CT/Bzr9x8ig08cCFwzn3cu89keRMG9f9dgorq2vrG8XN0tb2zu5eef+gpdNMUWjSlKeqExENnAloGmY4dKQCkkQc2tHweuK3H0Fplop7M5IQJqQvWMwoMVYKcMDhAQeEywHplitu1Z0CLxNvTir1o9vPhir6jW75K+ilNEtAGMqJ1r7nShPmRBlGOYxLQaZBEjokffAtFSQBHebTm8f41Co9HKfKljB4qv6eyEmi9SiJbGdCzEAvehPxP8/PTHwZ5kzIzICgs0VxxrFJ8SQA3GMKqOEjSwhVzN6K6YAoQo2NqWRD8BZfXiatWtU7r9buvEr9Cs1QRMfoBJ0hD12gOrpBDdREFEn0hF7Qq5M5z86b8z5rLTjzmUP0B87HD7Sgk7o=</latexit>



• We can write the FDR in the following nice form:

And Now We Connect to the FDR

FDR = E
"P

it,i null 1{Pi  ↵i}P
it 1{Pi  ↵i}

#

<latexit sha1_base64="IoZ7LpgohwWiZV2Rct3u3ir2aNY="></latexit>



• We can write the FDR in the following nice form:

• To simplify our derivation, we will make an approximation (the “modified 
FDR’’):

And Now We Connect to the FDR

FDR = E
"P

it,i null 1{Pi  ↵i}P
it 1{Pi  ↵i}

#

<latexit sha1_base64="IoZ7LpgohwWiZV2Rct3u3ir2aNY="></latexit>



• We make the mFDR approximation:

And We Obtain an Actual Proof



• We make the mFDR approximation:

and then compute:

where the last line uses:

And We Obtain an Actual Proof



• We make the mFDR approximation:

and then compute:

where the last line uses:

• This establishes: 

And We Obtain an Actual Proof



Two Kinds of Statistical Inference

• Bayesian and Frequentist
• Both inferential frameworks are useful
• It’s akin to “waves” vs. “particles” in physics

– they’re both correct in some sense
– they are complementary in many ways
– but they also conflict in some serious ways

• Understanding Bayes/frequentist relationships can help you 
become a real problem solver, not just a person who runs 
downloads software and runs data analysis procedures

University of California, Berkeley



Frequentism

• We want to be able to say that a procedure works “on 
average”

– or possibly “with high probability”
• Where does the randomness come from to be able to 

talk about an “average” or a “probability”?
• The frequentist idea (due to Neyman, Wald, and others) 

is to assume that we don’t just have one dataset, but 
rather we repeatedly draw datasets independently from 
the population

– and the randomness comes from this sampling process
– for example, that’s the meaning of the expectation in going from 

the FDP to the FDR

University of California, Berkeley



Bayesianism

• The idea is to condition on the data and consider the 
posterior distribution of various unknowns conditional 
on the data

• This updates the prior belief into a posterior belief
• A Bayesian doesn’t talk about averages over multiple 

possible data sets; they want to condition on the 
observed data

• A Bayesian is happy to assign probabilities to things 
that can’t be repeated
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Frequentist Hypothesis Testing

• This is what one learns in classical statistics classes
• The basic idea is to specify, via a probability 

distribution, what data one expects to see under the 
null hypothesis

– and similarly for the alternative hypothesis
• One then collects actual data and assesses, via some 

algorithm, how well the data fit that null distribution
• If the answer is “not so much,” then one rejects the null
• One then proves that such a decision-making algorithm 

will perform well on average
– e.g., having a controlled probability of a Type I error
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Bayesian Hypothesis Testing

• Has risen, fallen and risen again many times over history
• The basic idea is to specify, via a probability distribution, 

what data one expects to see under the null hypothesis 
and similarly for the alternative hypothesis

• One places a prior probability on the null and the 
alternative 

• One now has all the ingredients to compute a conditional 
probability of the hypothesis given the data
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Comparisons

• Bayesian perspective
– conditional perspective--inferences should be made conditional on the 

actual observed data, not on possible data one could have observed
– natural in the setting of a long-term project with a domain expert
– the optimist---let’s make the best use possible of our sophisticated 

inferential tool
• Frequentist perspective

– unconditional perspective---inferential procedures should give good 
answers in repeated use

– natural in the setting of writing software that will be used by many 
people for many problems

– the pessimist--let’s protect ourselves against bad decisions given that 
our inferential procedure is a simplification of reality
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Comparisons

• Bayesian perspective
– conditional perspective--inferences should be made conditional on the 

actual observed data, not on possible data one could have observed
– natural in the setting of a long-term project with a domain expert
– the optimist---let’s make the best use possible of our sophisticated 

inferential tool
• Frequentist perspective

– unconditional perspective---inferential procedures should give good 
answers in repeated use

– natural in the setting of writing software that will be used by many 
people for many problems

– the pessimist--let’s protect ourselves against bad decisions
• Q: Are “bias” and “variance” frequentist or Bayesian?
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Decision-Theoretic Framework

• Define a family of probability models for the data , indexed by a parameter

University of California, Berkeley

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>



Decision-Theoretic Framework

• Define a family of probability models for the data , indexed by a parameter
• Define a procedure that operates on the data to make a decision
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Decision-Theoretic Framework

• Define a family of probability models for the data , indexed by a parameter
• Define a procedure that operates on the data to make a decision
• Define a loss function:
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Decision-Theoretic Framework

• Define a family of probability models for the data , indexed by a parameter
• Define a procedure that operates on the data to make a decision
• Define a loss function:

• Example: 0/1 loss
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Decision-Theoretic Framework

• Define a family of probability models for the data , indexed by a parameter
• Define a procedure that operates on the data to make a decision
• Define a loss function:

• Example: 0/1 loss
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<latexit sha1_base64="OAWqcnZbq2hJEPcRYnwGk9cbYBU=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoOQgISZKOgx6MVjBLNAEkJPpyZp0rPQXSPEIfgrXjwo4tX/8Obf2EnmoIkPCh7vVVFVz42k0Gjb31ZmZXVtfSO7mdva3tndy+8fNHQYKw51HspQtVymQYoA6ihQQitSwHxXQtMd3Uz95gMoLcLgHscRdH02CIQnOEMj9fJHstjBISA7o50+SGTFVqnUyxfssj0DXSZOSgokRa2X/+r0Qx77ECCXTOu2Y0fYTZhCwSVMcp1YQ8T4iA2gbWjAfNDdZHb9hJ4apU+9UJkKkM7U3xMJ87Ue+67p9BkO9aI3Ff/z2jF6V91EBFGMEPD5Ii+WFEM6jYL2hQKOcmwI40qYWykfMsU4msByJgRn8eVl0qiUnfNy5e6iUL1O48iSY3JCisQhl6RKbkmN1Aknj+SZvJI368l6sd6tj3lrxkpnDskfWJ8/lEaUAQ==</latexit>

✓ 2 {0, 1}
<latexit sha1_base64="9qUo0SGWwSiyxk1AWQs2VOcL7ZM=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCBylJFfRY9OKxgv2AJpTNdtMu3WzC7kQIof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0gE1+A431ZpbX1jc6u8XdnZ3ds/sA+POjpOFWVtGotY9QKimeCStYGDYL1EMRIFgnWDye3M7z4ypXksHyBLmB+RkeQhpwSMNLCrHowZEOxxib3cOceuNx3YNafuzIFXiVuQGirQGthf3jCmacQkUEG07rtOAn5OFHAq2LTipZolhE7IiPUNlSRi2s/nx0/xqVGGOIyVKQl4rv6eyEmkdRYFpjMiMNbL3kz8z+unEF77OZdJCkzSxaIwFRhiPEsCD7liFERmCKGKm1sxHRNFKJi8KiYEd/nlVdJp1N2LeuP+sta8KeIoo2N0gs6Qi65QE92hFmojijL0jF7Rm/VkvVjv1seitWQVM1X0B9bnD/w6k68=</latexit>

�(X) 2 {0, 1}
<latexit sha1_base64="tJwvTtr+p/1eXn+iTMVXdSlEeEU=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tFqCAlqYIei148VrAf0ISy2WzbpZtN2N0IJfbgX/HiQRGv/g1v/hu3bQ5afTDweG+GmXlBwpnSjvNlFZaWV1bXiuuljc2t7R17d6+l4lQS2iQxj2UnwIpyJmhTM81pJ5EURwGn7WB0PfXb91QqFos7PU6oH+GBYH1GsDZSzz7wQso1rnROkMcE8jLnFLnepGeXnaozA/pL3JyUIUejZ396YUzSiApNOFaq6zqJ9jMsNSOcTkpeqmiCyQgPaNdQgSOq/Gx2/wQdGyVE/ViaEhrN1J8TGY6UGkeB6YywHqpFbyr+53VT3b/0MyaSVFNB5ov6KUc6RtMwUMgkJZqPDcFEMnMrIkMsMdEmspIJwV18+S9p1aruWbV2e16uX+VxFOEQjqACLlxAHW6gAU0g8ABP8AKv1qP1bL1Z7/PWgpXP7MMvWB/faV+Uag==</latexit>

(Reality)

(Decision)



Decision-Theoretic Framework

• Define a family of probability models for the data , indexed by a parameter
• Define a procedure that operates on the data to make a decision
• Define a loss function:

• Example: 0/1 loss

University of California, Berkeley

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

�(X)
<latexit sha1_base64="tOstAMawmYdrDKXMpDSDXiytWV8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2QdinZbLYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8e3M7zxRpVksH8wkob7AQ8kiRrCx0mM/pNzgavd8UK64NXcOtEq8nFQgR3NQ/uqHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzgKTqzSoiiWNmSBs3V3xMZFlpPRGA7BTYjvezNxP+8Xmqiaz9jMkkNlWSxKEo5MjGafY9CpigxfGIJJorZWxEZYYWJsRmVbAje8surpF2veRe1+v1lpXGTx1GEEziFKnhwBQ24gya0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5AwnGj+c=</latexit>

l(✓, �(X))
<latexit sha1_base64="OAWqcnZbq2hJEPcRYnwGk9cbYBU=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoOQgISZKOgx6MVjBLNAEkJPpyZp0rPQXSPEIfgrXjwo4tX/8Obf2EnmoIkPCh7vVVFVz42k0Gjb31ZmZXVtfSO7mdva3tndy+8fNHQYKw51HspQtVymQYoA6ihQQitSwHxXQtMd3Uz95gMoLcLgHscRdH02CIQnOEMj9fJHstjBISA7o50+SGTFVqnUyxfssj0DXSZOSgokRa2X/+r0Qx77ECCXTOu2Y0fYTZhCwSVMcp1YQ8T4iA2gbWjAfNDdZHb9hJ4apU+9UJkKkM7U3xMJ87Ue+67p9BkO9aI3Ff/z2jF6V91EBFGMEPD5Ii+WFEM6jYL2hQKOcmwI40qYWykfMsU4msByJgRn8eVl0qiUnfNy5e6iUL1O48iSY3JCisQhl6RKbkmN1Aknj+SZvJI368l6sd6tj3lrxkpnDskfWJ8/lEaUAQ==</latexit>

✓ 2 {0, 1}
<latexit sha1_base64="9qUo0SGWwSiyxk1AWQs2VOcL7ZM=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCBylJFfRY9OKxgv2AJpTNdtMu3WzC7kQIof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0gE1+A431ZpbX1jc6u8XdnZ3ds/sA+POjpOFWVtGotY9QKimeCStYGDYL1EMRIFgnWDye3M7z4ypXksHyBLmB+RkeQhpwSMNLCrHowZEOxxib3cOceuNx3YNafuzIFXiVuQGirQGthf3jCmacQkUEG07rtOAn5OFHAq2LTipZolhE7IiPUNlSRi2s/nx0/xqVGGOIyVKQl4rv6eyEmkdRYFpjMiMNbL3kz8z+unEF77OZdJCkzSxaIwFRhiPEsCD7liFERmCKGKm1sxHRNFKJi8KiYEd/nlVdJp1N2LeuP+sta8KeIoo2N0gs6Qi65QE92hFmojijL0jF7Rm/VkvVjv1seitWQVM1X0B9bnD/w6k68=</latexit>

�(X) 2 {0, 1}
<latexit sha1_base64="tJwvTtr+p/1eXn+iTMVXdSlEeEU=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tFqCAlqYIei148VrAf0ISy2WzbpZtN2N0IJfbgX/HiQRGv/g1v/hu3bQ5afTDweG+GmXlBwpnSjvNlFZaWV1bXiuuljc2t7R17d6+l4lQS2iQxj2UnwIpyJmhTM81pJ5EURwGn7WB0PfXb91QqFos7PU6oH+GBYH1GsDZSzz7wQso1rnROkMcE8jLnFLnepGeXnaozA/pL3JyUIUejZ396YUzSiApNOFaq6zqJ9jMsNSOcTkpeqmiCyQgPaNdQgSOq/Gx2/wQdGyVE/ViaEhrN1J8TGY6UGkeB6YywHqpFbyr+53VT3b/0MyaSVFNB5ov6KUc6RtMwUMgkJZqPDcFEMnMrIkMsMdEmspIJwV18+S9p1aruWbV2e16uX+VxFOEQjqACLlxAHW6gAU0g8ABP8AKv1qP1bL1Z7/PWgpXP7MMvWB/faV+Uag==</latexit>
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Decision-Theoretic Framework

• Define a family of probability models for the data , indexed by a parameter
• Define a procedure that operates on the data to make a decision
• Define a loss function:

• Example: 0/1 loss

University of California, Berkeley

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

�(X)
<latexit sha1_base64="tOstAMawmYdrDKXMpDSDXiytWV8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2QdinZbLYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8e3M7zxRpVksH8wkob7AQ8kiRrCx0mM/pNzgavd8UK64NXcOtEq8nFQgR3NQ/uqHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzgKTqzSoiiWNmSBs3V3xMZFlpPRGA7BTYjvezNxP+8Xmqiaz9jMkkNlWSxKEo5MjGafY9CpigxfGIJJorZWxEZYYWJsRmVbAje8surpF2veRe1+v1lpXGTx1GEEziFKnhwBQ24gya0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5AwnGj+c=</latexit>

l(✓, �(X))
<latexit sha1_base64="OAWqcnZbq2hJEPcRYnwGk9cbYBU=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoOQgISZKOgx6MVjBLNAEkJPpyZp0rPQXSPEIfgrXjwo4tX/8Obf2EnmoIkPCh7vVVFVz42k0Gjb31ZmZXVtfSO7mdva3tndy+8fNHQYKw51HspQtVymQYoA6ihQQitSwHxXQtMd3Uz95gMoLcLgHscRdH02CIQnOEMj9fJHstjBISA7o50+SGTFVqnUyxfssj0DXSZOSgokRa2X/+r0Qx77ECCXTOu2Y0fYTZhCwSVMcp1YQ8T4iA2gbWjAfNDdZHb9hJ4apU+9UJkKkM7U3xMJ87Ue+67p9BkO9aI3Ff/z2jF6V91EBFGMEPD5Ii+WFEM6jYL2hQKOcmwI40qYWykfMsU4msByJgRn8eVl0qiUnfNy5e6iUL1O48iSY3JCisQhl6RKbkmN1Aknj+SZvJI368l6sd6tj3lrxkpnDskfWJ8/lEaUAQ==</latexit>

✓ 2 {0, 1}
<latexit sha1_base64="9qUo0SGWwSiyxk1AWQs2VOcL7ZM=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCBylJFfRY9OKxgv2AJpTNdtMu3WzC7kQIof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0gE1+A431ZpbX1jc6u8XdnZ3ds/sA+POjpOFWVtGotY9QKimeCStYGDYL1EMRIFgnWDye3M7z4ypXksHyBLmB+RkeQhpwSMNLCrHowZEOxxib3cOceuNx3YNafuzIFXiVuQGirQGthf3jCmacQkUEG07rtOAn5OFHAq2LTipZolhE7IiPUNlSRi2s/nx0/xqVGGOIyVKQl4rv6eyEmkdRYFpjMiMNbL3kz8z+unEF77OZdJCkzSxaIwFRhiPEsCD7liFERmCKGKm1sxHRNFKJi8KiYEd/nlVdJp1N2LeuP+sta8KeIoo2N0gs6Qi65QE92hFmojijL0jF7Rm/VkvVjv1seitWQVM1X0B9bnD/w6k68=</latexit>

�(X) 2 {0, 1}
<latexit sha1_base64="tJwvTtr+p/1eXn+iTMVXdSlEeEU=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tFqCAlqYIei148VrAf0ISy2WzbpZtN2N0IJfbgX/HiQRGv/g1v/hu3bQ5afTDweG+GmXlBwpnSjvNlFZaWV1bXiuuljc2t7R17d6+l4lQS2iQxj2UnwIpyJmhTM81pJ5EURwGn7WB0PfXb91QqFos7PU6oH+GBYH1GsDZSzz7wQso1rnROkMcE8jLnFLnepGeXnaozA/pL3JyUIUejZ396YUzSiApNOFaq6zqJ9jMsNSOcTkpeqmiCyQgPaNdQgSOq/Gx2/wQdGyVE/ViaEhrN1J8TGY6UGkeB6YywHqpFbyr+53VT3b/0MyaSVFNB5ov6KUc6RtMwUMgkJZqPDcFEMnMrIkMsMdEmspIJwV18+S9p1aruWbV2e16uX+VxFOEQjqACLlxAHW6gAU0g8ABP8AKv1qP1bL1Z7/PWgpXP7MMvWB/faV+Uag==</latexit>

R
ea

lit
y 0

1

Decision
0 1

(Reality)

(Decision)

l(0, 0)
<latexit sha1_base64="6slV3T37kqanrVp8PDy9zg8ziug=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcJuFPQY9OIxgnlAsoTZSW8yZHZ2mZkVQshHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8NOME/YgOJA85o8ZKLVF2L4h73iuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+7pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzxJ1wmqUHJFovCVBATk9nvpM8VMiPGllCmuL2VsCFVlBmbUMGG4C2/vEqa1Yp3Wak+XJVqt1kceTiBUyiDB9dQg3uoQwMYjOAZXuHNSZwX5935WLTmnGzmGP7A+fwBN3KOLQ==</latexit>

l(0, 1)
<latexit sha1_base64="muWxxVNtXdB7GwQOwHZwjWp2JTY=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcJuFPQY9OIxgnlAsoTZSW8yZHZ2mZkVQshHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8NOME/YgOJA85o8ZKLVF2L4h33iuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+7pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzxJ1wmqUHJFovCVBATk9nvpM8VMiPGllCmuL2VsCFVlBmbUMGG4C2/vEqa1Yp3Wak+XJVqt1kceTiBUyiDB9dQg3uoQwMYjOAZXuHNSZwX5935WLTmnGzmGP7A+fwBOPeOLg==</latexit>

l(1, 1)
<latexit sha1_base64="ouwx7mg1jydyx4n5Bv1j/i+L8gE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcJuFPQY9OIxgnlAsoTZSW8yZHZ2mZkVQshHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8NOME/YgOJA85o8ZKLVH2Loh33iuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+7pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzxJ1wmqUHJFovCVBATk9nvpM8VMiPGllCmuL2VsCFVlBmbUMGG4C2/vEqa1Yp3Wak+XJVqt1kceTiBUyiDB9dQg3uoQwMYjOAZXuHNSZwX5935WLTmnGzmGP7A+fwBOn+OLw==</latexit>

l(1, 0)
<latexit sha1_base64="AT2bSMsDr5OiSOdulG8CEhKR4Uo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcJuFPQY9OIxgnlAsoTZSW8yZHZ2mZkVQshHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8NOME/YgOJA85o8ZKLVH2Loh73iuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+7pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzxJ1wmqUHJFovCVBATk9nvpM8VMiPGllCmuL2VsCFVlBmbUMGG4C2/vEqa1Yp3Wak+XJVqt1kceTiBUyiDB9dQg3uoQwMYjOAZXuHNSZwX5935WLTmnGzmGP7A+fwBOPqOLg==</latexit>



Decision-Theoretic Framework

• Define a family of probability models for the data , indexed by a parameter
• Define a procedure that operates on the data to make a decision
• Define a loss function:

• Example: 0/1 loss

University of California, Berkeley

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

�(X)
<latexit sha1_base64="tOstAMawmYdrDKXMpDSDXiytWV8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2QdinZbLYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8e3M7zxRpVksH8wkob7AQ8kiRrCx0mM/pNzgavd8UK64NXcOtEq8nFQgR3NQ/uqHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzgKTqzSoiiWNmSBs3V3xMZFlpPRGA7BTYjvezNxP+8Xmqiaz9jMkkNlWSxKEo5MjGafY9CpigxfGIJJorZWxEZYYWJsRmVbAje8surpF2veRe1+v1lpXGTx1GEEziFKnhwBQ24gya0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5AwnGj+c=</latexit>

l(✓, �(X))
<latexit sha1_base64="OAWqcnZbq2hJEPcRYnwGk9cbYBU=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoOQgISZKOgx6MVjBLNAEkJPpyZp0rPQXSPEIfgrXjwo4tX/8Obf2EnmoIkPCh7vVVFVz42k0Gjb31ZmZXVtfSO7mdva3tndy+8fNHQYKw51HspQtVymQYoA6ihQQitSwHxXQtMd3Uz95gMoLcLgHscRdH02CIQnOEMj9fJHstjBISA7o50+SGTFVqnUyxfssj0DXSZOSgokRa2X/+r0Qx77ECCXTOu2Y0fYTZhCwSVMcp1YQ8T4iA2gbWjAfNDdZHb9hJ4apU+9UJkKkM7U3xMJ87Ue+67p9BkO9aI3Ff/z2jF6V91EBFGMEPD5Ii+WFEM6jYL2hQKOcmwI40qYWykfMsU4msByJgRn8eVl0qiUnfNy5e6iUL1O48iSY3JCisQhl6RKbkmN1Aknj+SZvJI368l6sd6tj3lrxkpnDskfWJ8/lEaUAQ==</latexit>

✓ 2 {0, 1}
<latexit sha1_base64="9qUo0SGWwSiyxk1AWQs2VOcL7ZM=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCBylJFfRY9OKxgv2AJpTNdtMu3WzC7kQIof4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzL0gE1+A431ZpbX1jc6u8XdnZ3ds/sA+POjpOFWVtGotY9QKimeCStYGDYL1EMRIFgnWDye3M7z4ypXksHyBLmB+RkeQhpwSMNLCrHowZEOxxib3cOceuNx3YNafuzIFXiVuQGirQGthf3jCmacQkUEG07rtOAn5OFHAq2LTipZolhE7IiPUNlSRi2s/nx0/xqVGGOIyVKQl4rv6eyEmkdRYFpjMiMNbL3kz8z+unEF77OZdJCkzSxaIwFRhiPEsCD7liFERmCKGKm1sxHRNFKJi8KiYEd/nlVdJp1N2LeuP+sta8KeIoo2N0gs6Qi65QE92hFmojijL0jF7Rm/VkvVjv1seitWQVM1X0B9bnD/w6k68=</latexit>

�(X) 2 {0, 1}
<latexit sha1_base64="tJwvTtr+p/1eXn+iTMVXdSlEeEU=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tFqCAlqYIei148VrAf0ISy2WzbpZtN2N0IJfbgX/HiQRGv/g1v/hu3bQ5afTDweG+GmXlBwpnSjvNlFZaWV1bXiuuljc2t7R17d6+l4lQS2iQxj2UnwIpyJmhTM81pJ5EURwGn7WB0PfXb91QqFos7PU6oH+GBYH1GsDZSzz7wQso1rnROkMcE8jLnFLnepGeXnaozA/pL3JyUIUejZ396YUzSiApNOFaq6zqJ9jMsNSOcTkpeqmiCyQgPaNdQgSOq/Gx2/wQdGyVE/ViaEhrN1J8TGY6UGkeB6YywHqpFbyr+53VT3b/0MyaSVFNB5ov6KUc6RtMwUMgkJZqPDcFEMnMrIkMsMdEmspIJwV18+S9p1aruWbV2e16uX+VxFOEQjqACLlxAHW6gAU0g8ABP8AKv1qP1bL1Z7/PWgpXP7MMvWB/faV+Uag==</latexit>

R
ea

lit
y 0

1

Decision
0 1

(Reality)

(Decision)

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

1
<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit>

1
<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit>



Decision-Theoretic Framework

• Define a family of probability models for the data , indexed by a parameter
• Define a procedure that operates on the data to make a decision
• Define a loss function:

• Example: L2 loss

University of California, Berkeley

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

�(X)
<latexit sha1_base64="tOstAMawmYdrDKXMpDSDXiytWV8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2QdinZbLYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8e3M7zxRpVksH8wkob7AQ8kiRrCx0mM/pNzgavd8UK64NXcOtEq8nFQgR3NQ/uqHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzgKTqzSoiiWNmSBs3V3xMZFlpPRGA7BTYjvezNxP+8Xmqiaz9jMkkNlWSxKEo5MjGafY9CpigxfGIJJorZWxEZYYWJsRmVbAje8surpF2veRe1+v1lpXGTx1GEEziFKnhwBQ24gya0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5AwnGj+c=</latexit>

l(✓, �(X))
<latexit sha1_base64="OAWqcnZbq2hJEPcRYnwGk9cbYBU=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoOQgISZKOgx6MVjBLNAEkJPpyZp0rPQXSPEIfgrXjwo4tX/8Obf2EnmoIkPCh7vVVFVz42k0Gjb31ZmZXVtfSO7mdva3tndy+8fNHQYKw51HspQtVymQYoA6ihQQitSwHxXQtMd3Uz95gMoLcLgHscRdH02CIQnOEMj9fJHstjBISA7o50+SGTFVqnUyxfssj0DXSZOSgokRa2X/+r0Qx77ECCXTOu2Y0fYTZhCwSVMcp1YQ8T4iA2gbWjAfNDdZHb9hJ4apU+9UJkKkM7U3xMJ87Ue+67p9BkO9aI3Ff/z2jF6V91EBFGMEPD5Ii+WFEM6jYL2hQKOcmwI40qYWykfMsU4msByJgRn8eVl0qiUnfNy5e6iUL1O48iSY3JCisQhl6RKbkmN1Aknj+SZvJI368l6sd6tj3lrxkpnDskfWJ8/lEaUAQ==</latexit>

✓ 2 R
<latexit sha1_base64="t6Hc9lvKLIPkEtQrgz7APEgUAeY=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWpgi6LblxWsQ9oQplMJ+3QySTM3AglFPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnCARXIPjfFulldW19Y3yZmVre2d3z94/aOs4VZS1aCxi1Q2IZoJL1gIOgnUTxUgUCNYJxje533lkSvNYPsAkYX5EhpKHnBIwUt8+8mDEgGCPS+xFBEZBkN1P+3bVqTkz4GXiFqSKCjT79pc3iGkaMQlUEK17rpOAnxEFnAo2rXipZgmhYzJkPUMliZj2s1n8KT41ygCHsTJPAp6pvzcyEmk9iQIzmSfUi14u/uf1Ugiv/IzLJAUm6fxQmAoMMc67wAOuGAUxMYRQxU1WTEdEEQqmsYopwV388jJp12vuea1+d1FtXBd1lNExOkFnyEWXqIFuURO1EEUZekav6M16sl6sd+tjPlqyip1D9AfW5w/xupV6</latexit>

�(X) 2 R
<latexit sha1_base64="wG+Bd93OFho4T4IMJAga5De9M+0=">AAACAXicbVBNS8NAEJ34WetX1YvgZbEI9VKSKuix6MVjFfsBTSibzaZdutmE3Y1QQr34V7x4UMSr/8Kb/8ZN24O2Phh4vDfDzDw/4Uxp2/62lpZXVtfWCxvFza3tnd3S3n5LxakktEliHsuOjxXlTNCmZprTTiIpjnxO2/7wOvfbD1QqFot7PUqoF+G+YCEjWBupVzp0A8o1rnROkcsEciOsB76f3Y17pbJdtSdAi8SZkTLM0OiVvtwgJmlEhSYcK9V17ER7GZaaEU7HRTdVNMFkiPu0a6jAEVVeNvlgjE6MEqAwlqaERhP190SGI6VGkW868wvVvJeL/3ndVIeXXsZEkmoqyHRRmHKkY5THgQImKdF8ZAgmkplbERlgiYk2oRVNCM78y4ukVas6Z9Xa7Xm5fjWLowBHcAwVcOAC6nADDWgCgUd4hld4s56sF+vd+pi2LlmzmQP4A+vzB2AlljU=</latexit>

l(✓, �(X)) = (�(X)� ✓)2
<latexit sha1_base64="77+8NaitL5MThrFEl4IPjY2YnlA=">AAACFnicbVDLSgMxFM3UV62vUZdugkVowZaZKuhGKLpxWcE+oK0lk962oZkHyR2hlH6FG3/FjQtF3Io7/8b0gWjrgcDJOeeS3ONFUmh0nC8rsbS8srqWXE9tbG5t79i7exUdxopDmYcyVDWPaZAigDIKlFCLFDDfk1D1+ldjv3oPSoswuMVBBE2fdQPREZyhkVp2TmYa2ANkx7TRBoksU8tm6QXN/Nxojk4T2btCy047eWcCukjcGUmTGUot+7PRDnnsQ4BcMq3rrhNhc8gUCi5hlGrEGiLG+6wLdUMD5oNuDidrjeiRUdq0EypzAqQT9ffEkPlaD3zPJH2GPT3vjcX/vHqMnfPmUARRjBDw6UOdWFIM6bgj2hYKOMqBIYwrYf5KeY8pxtE0mTIluPMrL5JKIe+e5As3p+ni5ayOJDkghyRDXHJGiuSalEiZcPJAnsgLebUerWfrzXqfRhPWbGaf/IH18Q0+e5xH</latexit>



Decision-Theoretic Framework

• Define a family of probability models for the data    , indexed by a parameter
• Define a procedure           that operates on the data to make a decision
• Define a loss function:

University of California, Berkeley

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

�(X)
<latexit sha1_base64="tOstAMawmYdrDKXMpDSDXiytWV8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2QdinZbLYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8e3M7zxRpVksH8wkob7AQ8kiRrCx0mM/pNzgavd8UK64NXcOtEq8nFQgR3NQ/uqHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzgKTqzSoiiWNmSBs3V3xMZFlpPRGA7BTYjvezNxP+8Xmqiaz9jMkkNlWSxKEo5MjGafY9CpigxfGIJJorZWxEZYYWJsRmVbAje8surpF2veRe1+v1lpXGTx1GEEziFKnhwBQ24gya0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5AwnGj+c=</latexit>

l(✓, �(X))
<latexit sha1_base64="OAWqcnZbq2hJEPcRYnwGk9cbYBU=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoOQgISZKOgx6MVjBLNAEkJPpyZp0rPQXSPEIfgrXjwo4tX/8Obf2EnmoIkPCh7vVVFVz42k0Gjb31ZmZXVtfSO7mdva3tndy+8fNHQYKw51HspQtVymQYoA6ihQQitSwHxXQtMd3Uz95gMoLcLgHscRdH02CIQnOEMj9fJHstjBISA7o50+SGTFVqnUyxfssj0DXSZOSgokRa2X/+r0Qx77ECCXTOu2Y0fYTZhCwSVMcp1YQ8T4iA2gbWjAfNDdZHb9hJ4apU+9UJkKkM7U3xMJ87Ue+67p9BkO9aI3Ff/z2jF6V91EBFGMEPD5Ii+WFEM6jYL2hQKOcmwI40qYWykfMsU4msByJgRn8eVl0qiUnfNy5e6iUL1O48iSY3JCisQhl6RKbkmN1Aknj+SZvJI368l6sd6tj3lrxkpnDskfWJ8/lEaUAQ==</latexit>



Decision-Theoretic Framework

• Define a family of probability models for the data    , indexed by a parameter
• Define a procedure           that operates on the data to make a decision
• Define a loss function:

• The goal is to use the loss function to compare procedures, but both of its 
arguments are unknown

University of California, Berkeley

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

�(X)
<latexit sha1_base64="tOstAMawmYdrDKXMpDSDXiytWV8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2QdinZbLYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8e3M7zxRpVksH8wkob7AQ8kiRrCx0mM/pNzgavd8UK64NXcOtEq8nFQgR3NQ/uqHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzgKTqzSoiiWNmSBs3V3xMZFlpPRGA7BTYjvezNxP+8Xmqiaz9jMkkNlWSxKEo5MjGafY9CpigxfGIJJorZWxEZYYWJsRmVbAje8surpF2veRe1+v1lpXGTx1GEEziFKnhwBQ24gya0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5AwnGj+c=</latexit>

l(✓, �(X))
<latexit sha1_base64="OAWqcnZbq2hJEPcRYnwGk9cbYBU=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoOQgISZKOgx6MVjBLNAEkJPpyZp0rPQXSPEIfgrXjwo4tX/8Obf2EnmoIkPCh7vVVFVz42k0Gjb31ZmZXVtfSO7mdva3tndy+8fNHQYKw51HspQtVymQYoA6ihQQitSwHxXQtMd3Uz95gMoLcLgHscRdH02CIQnOEMj9fJHstjBISA7o50+SGTFVqnUyxfssj0DXSZOSgokRa2X/+r0Qx77ECCXTOu2Y0fYTZhCwSVMcp1YQ8T4iA2gbWjAfNDdZHb9hJ4apU+9UJkKkM7U3xMJ87Ue+67p9BkO9aI3Ff/z2jF6V91EBFGMEPD5Ii+WFEM6jYL2hQKOcmwI40qYWykfMsU4msByJgRn8eVl0qiUnfNy5e6iUL1O48iSY3JCisQhl6RKbkmN1Aknj+SZvJI368l6sd6tj3lrxkpnDskfWJ8/lEaUAQ==</latexit>



Decision-Theoretic Framework

• Define a family of probability models for the data    , indexed by a parameter
• Define a procedure           that operates on the data to make a decision
• Define a loss function:

• The goal is to use the loss function to compare procedures, but both of its 
arguments are unknown

University of California, Berkeley

frequentist 
expectation

Bayesian 
expectation

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

�(X)
<latexit sha1_base64="tOstAMawmYdrDKXMpDSDXiytWV8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2QdinZbLYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8e3M7zxRpVksH8wkob7AQ8kiRrCx0mM/pNzgavd8UK64NXcOtEq8nFQgR3NQ/uqHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzgKTqzSoiiWNmSBs3V3xMZFlpPRGA7BTYjvezNxP+8Xmqiaz9jMkkNlWSxKEo5MjGafY9CpigxfGIJJorZWxEZYYWJsRmVbAje8surpF2veRe1+v1lpXGTx1GEEziFKnhwBQ24gya0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5AwnGj+c=</latexit>

l(✓, �(X))
<latexit sha1_base64="OAWqcnZbq2hJEPcRYnwGk9cbYBU=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoOQgISZKOgx6MVjBLNAEkJPpyZp0rPQXSPEIfgrXjwo4tX/8Obf2EnmoIkPCh7vVVFVz42k0Gjb31ZmZXVtfSO7mdva3tndy+8fNHQYKw51HspQtVymQYoA6ihQQitSwHxXQtMd3Uz95gMoLcLgHscRdH02CIQnOEMj9fJHstjBISA7o50+SGTFVqnUyxfssj0DXSZOSgokRa2X/+r0Qx77ECCXTOu2Y0fYTZhCwSVMcp1YQ8T4iA2gbWjAfNDdZHb9hJ4apU+9UJkKkM7U3xMJ87Ue+67p9BkO9aI3Ff/z2jF6V91EBFGMEPD5Ii+WFEM6jYL2hQKOcmwI40qYWykfMsU4msByJgRn8eVl0qiUnfNy5e6iUL1O48iSY3JCisQhl6RKbkmN1Aknj+SZvJI368l6sd6tj3lrxkpnDskfWJ8/lEaUAQ==</latexit>

l(✓, �(X))
<latexit sha1_base64="OAWqcnZbq2hJEPcRYnwGk9cbYBU=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoOQgISZKOgx6MVjBLNAEkJPpyZp0rPQXSPEIfgrXjwo4tX/8Obf2EnmoIkPCh7vVVFVz42k0Gjb31ZmZXVtfSO7mdva3tndy+8fNHQYKw51HspQtVymQYoA6ihQQitSwHxXQtMd3Uz95gMoLcLgHscRdH02CIQnOEMj9fJHstjBISA7o50+SGTFVqnUyxfssj0DXSZOSgokRa2X/+r0Qx77ECCXTOu2Y0fYTZhCwSVMcp1YQ8T4iA2gbWjAfNDdZHb9hJ4apU+9UJkKkM7U3xMJ87Ue+67p9BkO9aI3Ff/z2jF6V91EBFGMEPD5Ii+WFEM6jYL2hQKOcmwI40qYWykfMsU4msByJgRn8eVl0qiUnfNy5e6iUL1O48iSY3JCisQhl6RKbkmN1Aknj+SZvJI368l6sd6tj3lrxkpnDskfWJ8/lEaUAQ==</latexit>



Decision-Theoretic Framework

• Define a family of probability models for the data    , indexed by a parameter
• Define a procedure           that operates on the data to make a decision
• Define a loss function:

• The goal is to use the loss function to compare procedures, but both of its 
arguments are unknown

University of California, Berkeley

frequentist 
expectation

Bayesian 
expectation

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

�(X)
<latexit sha1_base64="tOstAMawmYdrDKXMpDSDXiytWV8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2QdinZbLYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8e3M7zxRpVksH8wkob7AQ8kiRrCx0mM/pNzgavd8UK64NXcOtEq8nFQgR3NQ/uqHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzgKTqzSoiiWNmSBs3V3xMZFlpPRGA7BTYjvezNxP+8Xmqiaz9jMkkNlWSxKEo5MjGafY9CpigxfGIJJorZWxEZYYWJsRmVbAje8surpF2veRe1+v1lpXGTx1GEEziFKnhwBQ24gya0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5AwnGj+c=</latexit>

l(✓, �(X))
<latexit sha1_base64="OAWqcnZbq2hJEPcRYnwGk9cbYBU=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoOQgISZKOgx6MVjBLNAEkJPpyZp0rPQXSPEIfgrXjwo4tX/8Obf2EnmoIkPCh7vVVFVz42k0Gjb31ZmZXVtfSO7mdva3tndy+8fNHQYKw51HspQtVymQYoA6ihQQitSwHxXQtMd3Uz95gMoLcLgHscRdH02CIQnOEMj9fJHstjBISA7o50+SGTFVqnUyxfssj0DXSZOSgokRa2X/+r0Qx77ECCXTOu2Y0fYTZhCwSVMcp1YQ8T4iA2gbWjAfNDdZHb9hJ4apU+9UJkKkM7U3xMJ87Ue+67p9BkO9aI3Ff/z2jF6V91EBFGMEPD5Ii+WFEM6jYL2hQKOcmwI40qYWykfMsU4msByJgRn8eVl0qiUnfNy5e6iUL1O48iSY3JCisQhl6RKbkmN1Aknj+SZvJI368l6sd6tj3lrxkpnDskfWJ8/lEaUAQ==</latexit>

E✓l(✓, �(X))
<latexit sha1_base64="pHnuQOC2VHc4nUYpNKQS/zjz9C8=">AAACD3icbZDLSgNBEEV7fMb4irp00xiUBCTMREGXQRFcRjAPyITQ06kkTXoedNcIYcgfuPFX3LhQxK1bd/6NPUkWmnih4XCriq66XiSFRtv+tpaWV1bX1jMb2c2t7Z3d3N5+XYex4lDjoQxV02MapAighgIlNCMFzPckNLzhdVpvPIDSIgzucRRB22f9QPQEZ2isTu7E9RkOPC+5GXdcHAAyKgtTOKVuFySyQrNY7OTydsmeiC6CM4M8manayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwGzAfdTib3jOmxcbq0FyrzAqQT9/dEwnytR75nOtPt9XwtNf+rtWLsXbYTEUQxQsCnH/ViSTGkaTi0KxRwlCMDjCthdqV8wBTjaCLMmhCc+ZMXoV4uOWel8t15vnI1iyNDDskRKRCHXJAKuSVVUiOcPJJn8krerCfrxXq3PqatS9Zs5oD8kfX5A4u1m60=</latexit>

l(✓, �(X))
<latexit sha1_base64="OAWqcnZbq2hJEPcRYnwGk9cbYBU=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoOQgISZKOgx6MVjBLNAEkJPpyZp0rPQXSPEIfgrXjwo4tX/8Obf2EnmoIkPCh7vVVFVz42k0Gjb31ZmZXVtfSO7mdva3tndy+8fNHQYKw51HspQtVymQYoA6ihQQitSwHxXQtMd3Uz95gMoLcLgHscRdH02CIQnOEMj9fJHstjBISA7o50+SGTFVqnUyxfssj0DXSZOSgokRa2X/+r0Qx77ECCXTOu2Y0fYTZhCwSVMcp1YQ8T4iA2gbWjAfNDdZHb9hJ4apU+9UJkKkM7U3xMJ87Ue+67p9BkO9aI3Ff/z2jF6V91EBFGMEPD5Ii+WFEM6jYL2hQKOcmwI40qYWykfMsU4msByJgRn8eVl0qiUnfNy5e6iUL1O48iSY3JCisQhl6RKbkmN1Aknj+SZvJI368l6sd6tj3lrxkpnDskfWJ8/lEaUAQ==</latexit>



Decision-Theoretic Framework

• Define a family of probability models for the data    , indexed by a parameter
• Define a procedure           that operates on the data to make a decision
• Define a loss function:

• The goal is to use the loss function to compare procedures, but both of its 
arguments are unknown

University of California, Berkeley

frequentist 
expectation

Bayesian 
expectation

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

�(X)
<latexit sha1_base64="tOstAMawmYdrDKXMpDSDXiytWV8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2QdinZbLYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8e3M7zxRpVksH8wkob7AQ8kiRrCx0mM/pNzgavd8UK64NXcOtEq8nFQgR3NQ/uqHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzgKTqzSoiiWNmSBs3V3xMZFlpPRGA7BTYjvezNxP+8Xmqiaz9jMkkNlWSxKEo5MjGafY9CpigxfGIJJorZWxEZYYWJsRmVbAje8surpF2veRe1+v1lpXGTx1GEEziFKnhwBQ24gya0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5AwnGj+c=</latexit>

l(✓, �(X))
<latexit sha1_base64="OAWqcnZbq2hJEPcRYnwGk9cbYBU=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoOQgISZKOgx6MVjBLNAEkJPpyZp0rPQXSPEIfgrXjwo4tX/8Obf2EnmoIkPCh7vVVFVz42k0Gjb31ZmZXVtfSO7mdva3tndy+8fNHQYKw51HspQtVymQYoA6ihQQitSwHxXQtMd3Uz95gMoLcLgHscRdH02CIQnOEMj9fJHstjBISA7o50+SGTFVqnUyxfssj0DXSZOSgokRa2X/+r0Qx77ECCXTOu2Y0fYTZhCwSVMcp1YQ8T4iA2gbWjAfNDdZHb9hJ4apU+9UJkKkM7U3xMJ87Ue+67p9BkO9aI3Ff/z2jF6V91EBFGMEPD5Ii+WFEM6jYL2hQKOcmwI40qYWykfMsU4msByJgRn8eVl0qiUnfNy5e6iUL1O48iSY3JCisQhl6RKbkmN1Aknj+SZvJI368l6sd6tj3lrxkpnDskfWJ8/lEaUAQ==</latexit>

E✓l(✓, �(X))
<latexit sha1_base64="pHnuQOC2VHc4nUYpNKQS/zjz9C8=">AAACD3icbZDLSgNBEEV7fMb4irp00xiUBCTMREGXQRFcRjAPyITQ06kkTXoedNcIYcgfuPFX3LhQxK1bd/6NPUkWmnih4XCriq66XiSFRtv+tpaWV1bX1jMb2c2t7Z3d3N5+XYex4lDjoQxV02MapAighgIlNCMFzPckNLzhdVpvPIDSIgzucRRB22f9QPQEZ2isTu7E9RkOPC+5GXdcHAAyKgtTOKVuFySyQrNY7OTydsmeiC6CM4M8manayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwGzAfdTib3jOmxcbq0FyrzAqQT9/dEwnytR75nOtPt9XwtNf+rtWLsXbYTEUQxQsCnH/ViSTGkaTi0KxRwlCMDjCthdqV8wBTjaCLMmhCc+ZMXoV4uOWel8t15vnI1iyNDDskRKRCHXJAKuSVVUiOcPJJn8krerCfrxXq3PqatS9Zs5oD8kfX5A4u1m60=</latexit>

E[l(✓, �(X)) |X]
<latexit sha1_base64="CzkR+Qv1ydcyJbdTAMQOd+oJoP8=">AAACFHicbVDLSgMxFM34rPVVdekmWISKUmaqoMuiCC4rWC3MDCWTubXBzIPkjlDGfoQbf8WNC0XcunDn35hpu/B1IOFwzr0k5wSpFBpt+9Oamp6ZnZsvLZQXl5ZXVitr65c6yRSHNk9kojoB0yBFDG0UKKGTKmBRIOEquDkp/KtbUFok8QUOUvAjdh2LnuAMjdSt7HoRw34Q5KdD6sqah31Atke9ECSyWmdnh3p79K64On63UrXr9gj0L3EmpEomaHUrH16Y8CyCGLlkWruOnaKfM4WCSxiWvUxDyvgNuwbX0JhFoP18FGpIt40S0l6izImRjtTvGzmLtB5EgZksIujfXiH+57kZ9o78XMRphhDz8UO9TFJMaNEQDYUCjnJgCONKmL9S3meKcTQ9lk0Jzu/If8llo+7s1xvnB9Xm8aSOEtkkW6RGHHJImuSMtEibcHJPHskzebEerCfr1Xobj05Zk50N8gPW+xfp+pwq</latexit>

l(✓, �(X))
<latexit sha1_base64="OAWqcnZbq2hJEPcRYnwGk9cbYBU=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoOQgISZKOgx6MVjBLNAEkJPpyZp0rPQXSPEIfgrXjwo4tX/8Obf2EnmoIkPCh7vVVFVz42k0Gjb31ZmZXVtfSO7mdva3tndy+8fNHQYKw51HspQtVymQYoA6ihQQitSwHxXQtMd3Uz95gMoLcLgHscRdH02CIQnOEMj9fJHstjBISA7o50+SGTFVqnUyxfssj0DXSZOSgokRa2X/+r0Qx77ECCXTOu2Y0fYTZhCwSVMcp1YQ8T4iA2gbWjAfNDdZHb9hJ4apU+9UJkKkM7U3xMJ87Ue+67p9BkO9aI3Ff/z2jF6V91EBFGMEPD5Ii+WFEM6jYL2hQKOcmwI40qYWykfMsU4msByJgRn8eVl0qiUnfNy5e6iUL1O48iSY3JCisQhl6RKbkmN1Aknj+SZvJI368l6sd6tj3lrxkpnDskfWJ8/lEaUAQ==</latexit>



Decision-Theoretic Framework

• Define a family of probability models for the data    , indexed by a parameter
• Define a procedure           that operates on the data to make a decision
• Define a loss function:

• The goal is to use the loss function to compare procedures, but both of its 
arguments are unknown

University of California, Berkeley

frequentist 
expectation

Bayesian 
expectation

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

�(X)
<latexit sha1_base64="tOstAMawmYdrDKXMpDSDXiytWV8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2QdinZbLYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8e3M7zxRpVksH8wkob7AQ8kiRrCx0mM/pNzgavd8UK64NXcOtEq8nFQgR3NQ/uqHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzgKTqzSoiiWNmSBs3V3xMZFlpPRGA7BTYjvezNxP+8Xmqiaz9jMkkNlWSxKEo5MjGafY9CpigxfGIJJorZWxEZYYWJsRmVbAje8surpF2veRe1+v1lpXGTx1GEEziFKnhwBQ24gya0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5AwnGj+c=</latexit>

l(✓, �(X))
<latexit sha1_base64="OAWqcnZbq2hJEPcRYnwGk9cbYBU=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoOQgISZKOgx6MVjBLNAEkJPpyZp0rPQXSPEIfgrXjwo4tX/8Obf2EnmoIkPCh7vVVFVz42k0Gjb31ZmZXVtfSO7mdva3tndy+8fNHQYKw51HspQtVymQYoA6ihQQitSwHxXQtMd3Uz95gMoLcLgHscRdH02CIQnOEMj9fJHstjBISA7o50+SGTFVqnUyxfssj0DXSZOSgokRa2X/+r0Qx77ECCXTOu2Y0fYTZhCwSVMcp1YQ8T4iA2gbWjAfNDdZHb9hJ4apU+9UJkKkM7U3xMJ87Ue+67p9BkO9aI3Ff/z2jF6V91EBFGMEPD5Ii+WFEM6jYL2hQKOcmwI40qYWykfMsU4msByJgRn8eVl0qiUnfNy5e6iUL1O48iSY3JCisQhl6RKbkmN1Aknj+SZvJI368l6sd6tj3lrxkpnDskfWJ8/lEaUAQ==</latexit>

E✓l(✓, �(X))
<latexit sha1_base64="mBx7zHtgFLNXv1gr0lwkPDcD30c=">AAACIHicbVDJSgNBFOxxjXGLevTSGIQIEmaiEI9BETxGMAtkQujpeTGNPQvdb8QwzKd48Ve8eFBEb/o1dpaDJhY0FFXvUf3Ki6XQaNtf1sLi0vLKam4tv76xubVd2Nlt6ihRHBo8kpFqe0yDFCE0UKCEdqyABZ6Elnd3MfJb96C0iMIbHMbQDdhtKPqCMzRSr1B1A4YDz0svs56LA0BGZWlCjqmL8IDjjFSBn6WuDxJZqX2UHfUKRbtsj0HniTMlRTJFvVf4dP2IJwGEyCXTuuPYMXZTplBwCVneTTTEjN+xW+gYGrIAdDcdh2f00Cg+7UfKvBDpWP29kbJA62HgmcnROXrWG4n/eZ0E+2fdVIRxghDySVA/kRQjOmqL+kIBRzk0hHElzF8pHzDFOJpO86YEZ/bkedKslJ2TcuX6tFg7n9aRI/vkgJSIQ6qkRq5InTQIJ4/kmbySN+vJerHerY/J6II13dkjf2B9/wB3laPC</latexit>

l(✓, �(X))
<latexit sha1_base64="ZtSJ91wIM8S9dEwZRKYm/A5J7t0=">AAACDnicbVDJSgNBEO1xjXGLevTSGAIJSJiJgh6DXjxGMAtkQujpqSRNeha6a8Qw5Au8+CtePCji1bM3/8bOctDEBwWP96q6up4XS6HRtr+tldW19Y3NzFZ2e2d3bz93cNjQUaI41HkkI9XymAYpQqijQAmtWAELPAlNb3g98Zv3oLSIwjscxdAJWD8UPcEZGqmbK8iiiwNAdkpdhAecvpgq8Mep64NEVmyVxqVuLm+X7SnoMnHmJE/mqHVzX64f8SSAELlkWrcdO8ZOyhQKLmGcdRMNMeND1oe2oSELQHfS6fIxLRjFp71ImQqRTtXfEykLtB4FnukMGA70ojcR//PaCfYuO6kI4wQh5LNFvURSjOgkG+oLBRzlyBDGlTB/pXzAFONoEsyaEJzFk5dJo1J2zsqV2/N89WoeR4YckxNSJA65IFVyQ2qkTjh5JM/klbxZT9aL9W59zFpXrPnMEfkD6/MHB0qcFg==</latexit>

E[l(✓, �(X)) |X]
<latexit sha1_base64="CzkR+Qv1ydcyJbdTAMQOd+oJoP8=">AAACFHicbVDLSgMxFM34rPVVdekmWISKUmaqoMuiCC4rWC3MDCWTubXBzIPkjlDGfoQbf8WNC0XcunDn35hpu/B1IOFwzr0k5wSpFBpt+9Oamp6ZnZsvLZQXl5ZXVitr65c6yRSHNk9kojoB0yBFDG0UKKGTKmBRIOEquDkp/KtbUFok8QUOUvAjdh2LnuAMjdSt7HoRw34Q5KdD6sqah31Atke9ECSyWmdnh3p79K64On63UrXr9gj0L3EmpEomaHUrH16Y8CyCGLlkWruOnaKfM4WCSxiWvUxDyvgNuwbX0JhFoP18FGpIt40S0l6izImRjtTvGzmLtB5EgZksIujfXiH+57kZ9o78XMRphhDz8UO9TFJMaNEQDYUCjnJgCONKmL9S3meKcTQ9lk0Jzu/If8llo+7s1xvnB9Xm8aSOEtkkW6RGHHJImuSMtEibcHJPHskzebEerCfr1Xobj05Zk50N8gPW+xfp+pwq</latexit>



Decision-Theoretic Framework

• Define a family of probability models for the data    , indexed by a parameter
• Define a procedure           that operates on the data to make a decision
• Define a loss function:

• The goal is to use the loss function to compare procedures, but both of its 
arguments are unknown

University of California, Berkeley

frequentist 
expectation

Bayesian 
expectation

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

�(X)
<latexit sha1_base64="tOstAMawmYdrDKXMpDSDXiytWV8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2QdinZbLYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8e3M7zxRpVksH8wkob7AQ8kiRrCx0mM/pNzgavd8UK64NXcOtEq8nFQgR3NQ/uqHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzgKTqzSoiiWNmSBs3V3xMZFlpPRGA7BTYjvezNxP+8Xmqiaz9jMkkNlWSxKEo5MjGafY9CpigxfGIJJorZWxEZYYWJsRmVbAje8surpF2veRe1+v1lpXGTx1GEEziFKnhwBQ24gya0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5AwnGj+c=</latexit>

l(✓, �(X))
<latexit sha1_base64="OAWqcnZbq2hJEPcRYnwGk9cbYBU=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoOQgISZKOgx6MVjBLNAEkJPpyZp0rPQXSPEIfgrXjwo4tX/8Obf2EnmoIkPCh7vVVFVz42k0Gjb31ZmZXVtfSO7mdva3tndy+8fNHQYKw51HspQtVymQYoA6ihQQitSwHxXQtMd3Uz95gMoLcLgHscRdH02CIQnOEMj9fJHstjBISA7o50+SGTFVqnUyxfssj0DXSZOSgokRa2X/+r0Qx77ECCXTOu2Y0fYTZhCwSVMcp1YQ8T4iA2gbWjAfNDdZHb9hJ4apU+9UJkKkM7U3xMJ87Ue+67p9BkO9aI3Ff/z2jF6V91EBFGMEPD5Ii+WFEM6jYL2hQKOcmwI40qYWykfMsU4msByJgRn8eVl0qiUnfNy5e6iUL1O48iSY3JCisQhl6RKbkmN1Aknj+SZvJI368l6sd6tj3lrxkpnDskfWJ8/lEaUAQ==</latexit>

E✓l(✓, �(X))
<latexit sha1_base64="pHnuQOC2VHc4nUYpNKQS/zjz9C8=">AAACD3icbZDLSgNBEEV7fMb4irp00xiUBCTMREGXQRFcRjAPyITQ06kkTXoedNcIYcgfuPFX3LhQxK1bd/6NPUkWmnih4XCriq66XiSFRtv+tpaWV1bX1jMb2c2t7Z3d3N5+XYex4lDjoQxV02MapAighgIlNCMFzPckNLzhdVpvPIDSIgzucRRB22f9QPQEZ2isTu7E9RkOPC+5GXdcHAAyKgtTOKVuFySyQrNY7OTydsmeiC6CM4M8manayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwGzAfdTib3jOmxcbq0FyrzAqQT9/dEwnytR75nOtPt9XwtNf+rtWLsXbYTEUQxQsCnH/ViSTGkaTi0KxRwlCMDjCthdqV8wBTjaCLMmhCc+ZMXoV4uOWel8t15vnI1iyNDDskRKRCHXJAKuSVVUiOcPJJn8krerCfrxXq3PqatS9Zs5oD8kfX5A4u1m60=</latexit>

E[l(✓, �(X)) |X]
<latexit sha1_base64="9zbOiBmGVy+jo/YJqw1tRrEJ+Y0="></latexit>

l(✓, �(X))
<latexit sha1_base64="DJERV2cSsHrwfjIBZK6MbAqC/0M=">AAACD3icbVDJSgNBEO1xjXGLevTSGJQEJMxEQY9BLx4jmAUyIfT0VJImPQvdNWIY8gde/BUvHhTx6tWbf2NnOWjig4LHe1XdVc+LpdBo29/W0vLK6tp6ZiO7ubW9s5vb26/rKFEcajySkWp6TIMUIdRQoIRmrIAFnoSGN7ge+417UFpE4R0OY2gHrBeKruAMjdTJnciCi/CAk5dSBf4odbEPyEan1PVBIis0i0XayeXtkj0BXSTOjOTJDNVO7sv1I54EECKXTOuWY8fYTplCwSWMsm6iIWZ8wHrQMjRkAeh2OtliRI+N4tNupEyFSCfq74mUBVoPA890Bgz7et4bi/95rQS7l+1UhHGCEPLpR91EUozoOBzqCwUc5dAQxpUwu1LeZ4pxNBFmTQjO/MmLpF4uOWel8u15vnI1iyNDDskRKRCHXJAKuSFVUiOcPJJn8krerCfrxXq3PqatS9Zs5oD8gfX5A3ienEA=</latexit>



Risk Functions

• The frequentist risk:

• The Bayesian posterior risk:

University of California, Berkeley

R(✓) = E✓l(✓, �(X))
<latexit sha1_base64="D1TvzUtqg9+wWD2v5lROtu8JsTU=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBASkLCbCHoRgiJ4jGIekA1hdtJJhsw+mOkVwpIP8eKvePGgiBcPgn/jbrIHTSxoKKq66e5yAik0mua3sbS8srq2ntnIbm5t7+zm9vYb2g8Vhzr3pa9aDtMghQd1FCihFShgriOh6YyuEr/5AEoL37vHcQAdlw080RecYSx1c5W7go1DQFakF9R2GQ4dJ7qedGcilal7Qu0eSGSFVrGY7ebyZsmcgi4SKyV5kqLWzX3aPZ+HLnjIJdO6bZkBdiKmUHAJk6wdaggYH7EBtGPqMRd0J5o+N6HHsdKjfV/F5SGdqr8nIuZqPXaduDM5X897ifif1w6xf96JhBeECB6fLeqHkqJPk6RoTyjgKMcxYVyJ+FbKh0wxjnGeSQjW/MuLpFEuWZVS+fY0X71M48iQQ3JECsQiZ6RKbkiN1Aknj+SZvJI348l4Md6Nj1nrkpHOHJA/ML5+AJjKn8s=</latexit>

⇢(X) = E[l(✓, �(X)) |X]
<latexit sha1_base64="wwSI5oNcF2X/FH6Wk/kyboPKuA0=">AAACHnicbVDLSgMxFM3UV62vqks3wSJUkDLjA90IRRFcVrC10BlKJr1tg5kHyR2hjP0SN/6KGxeKCK70b8y0Xaj1QsLhnHNJzvFjKTTa9peVm5mdm1/ILxaWlldW14rrGw0dJYpDnUcyUk2faZAihDoKlNCMFbDAl3Dj355n+s0dKC2i8BoHMXgB64WiKzhDQ7WLR67qR+XmLj2lbsCw7/vpxZC2ZNnFPiDbo24HJDLj2KXuHr3PrqbXLpbsij0aOg2cCSiRydTaxQ+3E/EkgBC5ZFq3HDtGL2UKBZcwLLiJhpjxW9aDloEhC0B76SjekO4YpkO7kTInRDpif26kLNB6EPjGmUXQf7WM/E9rJdg98VIRxglCyMcPdRNJMaJZV7QjFHCUAwMYV8L8lfI+U4yjabRgSnD+Rp4Gjf2Kc1DZvzosVc8mdeTJFtkmZeKQY1Ill6RG6oSTB/JEXsir9Wg9W2/W+9iasyY7m+TXWJ/fI0afWQ==</latexit>



Risk Functions

• The frequentist risk:

• The Bayesian posterior risk:

• A fun bonus exercise: If we take an expectation of          with respect to   , 
or an expectation of           with respect to    , we get a constant known as 
the “Bayes risk”    

University of California, Berkeley

R(✓) = E✓l(✓, �(X))
<latexit sha1_base64="D1TvzUtqg9+wWD2v5lROtu8JsTU=">AAACHHicbVDLSgNBEJz1GeMr6tHLYBASkLCbCHoRgiJ4jGIekA1hdtJJhsw+mOkVwpIP8eKvePGgiBcPgn/jbrIHTSxoKKq66e5yAik0mua3sbS8srq2ntnIbm5t7+zm9vYb2g8Vhzr3pa9aDtMghQd1FCihFShgriOh6YyuEr/5AEoL37vHcQAdlw080RecYSx1c5W7go1DQFakF9R2GQ4dJ7qedGcilal7Qu0eSGSFVrGY7ebyZsmcgi4SKyV5kqLWzX3aPZ+HLnjIJdO6bZkBdiKmUHAJk6wdaggYH7EBtGPqMRd0J5o+N6HHsdKjfV/F5SGdqr8nIuZqPXaduDM5X897ifif1w6xf96JhBeECB6fLeqHkqJPk6RoTyjgKMcxYVyJ+FbKh0wxjnGeSQjW/MuLpFEuWZVS+fY0X71M48iQQ3JECsQiZ6RKbkiN1Aknj+SZvJI348l4Md6Nj1nrkpHOHJA/ML5+AJjKn8s=</latexit>

⇢(X) = E[l(✓, �(X)) |X]
<latexit sha1_base64="wwSI5oNcF2X/FH6Wk/kyboPKuA0=">AAACHnicbVDLSgMxFM3UV62vqks3wSJUkDLjA90IRRFcVrC10BlKJr1tg5kHyR2hjP0SN/6KGxeKCK70b8y0Xaj1QsLhnHNJzvFjKTTa9peVm5mdm1/ILxaWlldW14rrGw0dJYpDnUcyUk2faZAihDoKlNCMFbDAl3Dj355n+s0dKC2i8BoHMXgB64WiKzhDQ7WLR67qR+XmLj2lbsCw7/vpxZC2ZNnFPiDbo24HJDLj2KXuHr3PrqbXLpbsij0aOg2cCSiRydTaxQ+3E/EkgBC5ZFq3HDtGL2UKBZcwLLiJhpjxW9aDloEhC0B76SjekO4YpkO7kTInRDpif26kLNB6EPjGmUXQf7WM/E9rJdg98VIRxglCyMcPdRNJMaJZV7QjFHCUAwMYV8L8lfI+U4yjabRgSnD+Rp4Gjf2Kc1DZvzosVc8mdeTJFtkmZeKQY1Ill6RG6oSTB/JEXsir9Wg9W2/W+9iasyY7m+TXWJ/fI0afWQ==</latexit>

⇢(X)
<latexit sha1_base64="4wh5FLvw03WkikVqxis8aUwPCQQ=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9mtgh6LXjxWsB/QLiWbZtvQbBKSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpuGZlqQptEcqk7ETaUM0GblllOO0pTnESctqPx3cxvP1FtmBSPdqJomOChYDEj2Dqp3dMjWelc9Etlv+rPgVZJkJMy5Gj0S1+9gSRpQoUlHBvTDXxlwwxrywin02IvNVRhMsZD2nVU4ISaMJufO0XnThmgWGpXwqK5+nsiw4kxkyRynQm2I7PszcT/vG5q45swY0KllgqyWBSnHFmJZr+jAdOUWD5xBBPN3K2IjLDGxLqEii6EYPnlVdKqVYPLau3hqly/zeMowCmcQQUCuIY63EMDmkBgDM/wCm+e8l68d+9j0brm5TMn8Afe5w+ViI8S</latexit>
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<latexit sha1_base64="32tdZ58f0q/uNkNFnwZLZxnDihc=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYhDiJexGQY9BLx6jmIckS5id9CZDZmaXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmAhu0PO+nZXVtfWNzdxWfntnd2+/cHDYMHGqGdRZLGLdCqkBwRXUkaOAVqKBylBAMxzeTP3mE2jDY/WAowQCSfuKR5xRtNLjfamDA0B61i0UvbI3g7tM/IwUSYZat/DV6cUslaCQCWpM2/cSDMZUI2cCJvlOaiChbEj70LZUUQkmGM8OnrinVum5UaxtKXRn6u+JMZXGjGRoOyXFgVn0puJ/XjvF6CoYc5WkCIrNF0WpcDF2p9+7Pa6BoRhZQpnm9laXDaimDG1GeRuCv/jyMmlUyv55uXJ3UaxeZ3HkyDE5ISXik0tSJbekRuqEEUmeySt5c7Tz4rw7H/PWFSebOSJ/4Hz+ABFZj+0=</latexit>
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<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>
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<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>



A Small Thought Experiment

• Suppose that you want to estimate the average height of the population in a 
city

• You take a random sample of 100 people, measure their height      and adopt 
the model 

• An unbiased estimator of     is given by    , the sample mean
– i.e., the sample mean is a good frequentist estimator
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A Small Thought Experiment

• Suppose that you want to estimate the average height of the population in a 
city

• You take a random sample of 100 people, measure their height      and adopt 
the model 

• An unbiased estimator of     is given by    , the sample mean
– i.e., the sample mean is a good frequentist estimator

• Now suppose that someone tells you that the measuring device was broken, 
and anybody over 7 feet tall was recorded as 7 feet

– but there actually was no one over 7 feet tall; everyone was actually less than 6.5 feet
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A Small Thought Experiment

• Suppose that you want to estimate the average height of the population in a 
city

• You take a random sample of 100 people, measure their height      and adopt 
the model 

• An unbiased estimator of     is given by    , the sample mean
– i.e., the sample mean is a good frequentist estimator

• Now suppose that someone tells you that the measuring device was broken, 
and anybody over 7 feet tall was recorded as 7 feet

– but there actually was no one over 7 feet tall; everyone was actually less than 6.5 feet

• The right model for the truncated data is a truncated Gaussian, and the 
sample mean is no longer unbiased under the new model
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Xi ⇠ N(µ, 1)
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µ

<latexit sha1_base64="f07fvjvEmfORWUNjRlniwZ57t5Q=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKQb0VvXisaD+gXUo2zbahSXZJskJZ+hO8eFDEq7/Im//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMnGqKWvSWMS6ExLDBFesabkVrJNoRmQoWDsc38789hPThsfq0U4SFkgyVDzilFgnPfRk2i9XvKo3B14lfk4qkKPRL3/1BjFNJVOWCmJM1/cSG2REW04Fm5Z6qWEJoWMyZF1HFZHMBNn81Ck+c8oAR7F2pSyeq78nMiKNmcjQdUpiR2bZm4n/ed3URldBxlWSWqboYlGUCmxjPPsbD7hm1IqJI4Rq7m7FdEQ0odalU3Ih+Msvr5LWRdWvVa/va5X6TR5HEU7gFM7Bh0uowx00oAkUhvAMr/CGBHpB7+hj0VpA+cwx/AH6/AFhPo3i</latexit>
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A Small Thought Experiment

• Suppose that you want to estimate the average height of the population in a 
city

• You take a random sample of 100 people, measure their height      and adopt 
the model 

• An unbiased estimator of     is given by    , the sample mean
– i.e., the sample mean is a good frequentist estimator

• Now suppose that someone tells you that the measuring device was broken, 
and anybody over 7 feet tall was recorded as 7 feet

– but there actually was no one over 7 feet tall; everyone was actually less than 6.5 feet

• The right model for the truncated data is a truncated Gaussian, and the 
sample mean is no longer unbiased under the new model

• Should you alter your estimate?
– consider this question from both a Bayesian and frequentist point of view

University of California, Berkeley
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