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The Basic Two-by-Two Table
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TN = True Negative

FP = False Positive

FN = False Negative

FP = True Positive



Some Row-Wise Rates
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sensitivity = n11
n10+n11
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aka, “true positive rate”



Some Row-Wise Rates
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specificity
or “selectivity”

aka, “true negative rate”= n00
n00+n01

<latexit sha1_base64="6GtYf3J6UOWWVf8TZ4XWUUOxcXo=">AAACDXicbZDLSgMxFIbP1Futt1GXboKtIAhlpi50IxTduKxgL9CWkkkzbWgmMyQZoQzzAm58FTcuFHHr3p1vY6adhbYeCPn4/3NIzu9FnCntON9WYWV1bX2juFna2t7Z3bP3D1oqjCWhTRLyUHY8rChngjY105x2Iklx4HHa9iY3md9+oFKxUNzraUT7AR4J5jOCtZEGdqWCrlDPl5gkYpA4TprmNzpDGbhpWikN7LJTdWaFlsHNoQx5NQb2V28YkjigQhOOleq6TqT7CZaaEU7TUi9WNMJkgke0a1DggKp+MtsmRSdGGSI/lOYIjWbq74kEB0pNA890BliP1aKXif953Vj7l/2EiSjWVJD5Q37MkQ5RFg0aMkmJ5lMDmEhm/orIGJtotAkwC8FdXHkZWrWqe16t3dXK9es8jiIcwTGcggsXUIdbaEATCDzCM7zCm/VkvVjv1se8tWDlM4fwp6zPHxOUmac=</latexit>



The Bayesian Posterior

• The posterior probability of the hypothesis given the data:

where                   is the prior (the “prevalence”)
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P (Reality |Decision) =
P (Decision |Reality)P (Reality)

P (Decision)
<latexit sha1_base64="qGZGRjOxMfqYn43EWzEPDMZf+2M="></latexit>

P (Reality)
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Let’s Return to our Column-Wise Rates
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false discovery proportion = n01
n01+n11
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The Goal: Control Errors A Priori

• We’ve introduced concepts such as false-positive 
rates and false-discovery rates as descriptions of 
performance

• We now want to use them as ways to design
algorithms

• We want to give a priori guarantees that a certain 
algorithm will have good performance

University of California, Berkeley



• The row-focused Neyman-Pearson paradigm turns the problem into a 
constrained optimization problem

The Neyman-Pearson Paradigm

University of California, Berkeley



• The row-focused Neyman-Pearson paradigm turns the problem into a 
constrained optimization problem

• The idea is to control the false-positive probability,                              , 
to be less than some target value, say 0.05 

– i.e., make the specificity be greater than 0.95
• And to maximize the true-positive probability subject to that constraint

– i.e., maximize the sensitivity subject to the constraint on the specificity

The Neyman-Pearson Paradigm

University of California, Berkeley

P (D = 1 |H = 0)
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• The row-focused Neyman-Pearson paradigm turns the problem into a 
constrained optimization problem

• The idea is to control the false-positive probability,                              , 
to be less than some target value, say 0.05

• And to maximize the true-positive probability (the sensitivity) subject 
to that constraint

The Neyman-Pearson Paradigm

University of California, Berkeley

P (D = 1 |H = 0)
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P-Values

University of California, Berkeley

• Consider a simple null hypothesis    
• Consider a statistic,          , which has a continuous distribution 

under the null, and let         denote its tail cdf:

• Define the P-value as
• The P-value has a uniform distribution under the null:    

T (X)
<latexit sha1_base64="KBkH5ozxahHlU5+EmRR7Zw4ytsQ=">AAACRnicbVBNS8NAEJ3U7++qRy/BIlSQkkRBj0UvHhWsFtpQNptJu7jZDbsboZT+Ba/6k/wL/glv4tVNDWhbBxYe773ZmXlRxpk2nvfuVBYWl5ZXVtfWNza3tnequ3v3WuaKYotKLlU7Iho5E9gyzHBsZwpJGnF8iB6vCv3hCZVmUtyZYYZhSvqCJYwSU1B39fZxr1rzGt6k3Hngl6AGZd30dp2TbixpnqIwlBOtO76XmXBElGGU43i9m2vMCH0kfexYKEiKOhxNlh27R5aJ3UQq+4RxJ+zfjhFJtR6mkXWmxAz0rFaQ/2md3CQX4YiJLDco6M+gJOeukW5xuRszhdTwoQWEKmZ3demAKEKNzWd6Cu9Laxik06cIiSIOCzXTmNsEZDxzbNEYYPj7QWANNl9/Ns15cB80/NNGcHtWa16WSa/CARxCHXw4hyZcww20gMIAnuEFXp0358P5dL5+rBWn7NmHqarANzklsW4=</latexit>

F (t)
<latexit sha1_base64="AGNT2YgfsvmIdvAdtQZ0lWEblrg=">AAACRnicbVDLSgNBEOyN7/hK9OhlMQgRJOyugh5FQTwqmAckS5id7SSDszPLzKwQQn7Bq36Sv+BPeBOvzsaAJrFhoKiqnu6uKOVMG897dwpLyyura+sbxc2t7Z3dUnmvoWWmKNap5FK1IqKRM4F1wwzHVqqQJBHHZvR4nevNJ1SaSfFghimGCekL1mOUmJy6qZrjbqni1bxJuYvAn4IKTOuuW3ZOOrGkWYLCUE60bvteasIRUYZRjuNiJ9OYEvpI+ti2UJAEdTiaLDt2jywTuz2p7BPGnbB/O0Yk0XqYRNaZEDPQ81pO/qe1M9O7CEdMpJlBQX8G9TLuGunml7sxU0gNH1pAqGJ2V5cOiCLU2Hxmp/C+tIZBMnuKkCjiMFdTjZlNQMZzx+aNAYa/HwTWYPP159NcBI2g5p/WgvuzyuXVNOl1OIBDqIIP53AJt3AHdaAwgGd4gVfnzflwPp2vH2vBmfbsw0wV4BtTSbF8</latexit>

P = F (T )
<latexit sha1_base64="cXPsYqKRVIE0EOY55+/FZzWwOXo=">AAACSnicbVDLSgMxFM3UV323unQTLEIFKTOjoBtBFMRlBauFOpRM5k4bmkmGJCOU4k+41U/yB/wNd+LGTDugbb0QOJxzbu69J0w508Z1P5zSwuLS8kp5dW19Y3Nru1LdudcyUxRaVHKp2iHRwJmAlmGGQztVQJKQw0M4uMr1hydQmklxZ4YpBAnpCRYzSoyl2k18jq/rd4fdSs1tuOPC88ArQA0V1exWnaPHSNIsAWEoJ1p3PDc1wYgowyiH57XHTENK6ID0oGOhIAnoYDRe+BkfWCbCsVT2CYPH7N+OEUm0HiahdSbE9PWslpP/aZ3MxGfBiIk0MyDoZFCccWwkzq/HEVNADR9aQKhidldM+0QRamxG01N4T1pDP5k+RUgQUZCrqYbMJiCjmWPzRh+C3w98a7D5erNpzoN7v+EdN/zbk9rFZZF0Ge2hfVRHHjpFF+gGNVELUcTRC3pFb8678+l8Od8Ta8kpenbRVJUWfwAwu7JR</latexit>

P
<latexit sha1_base64="SoPSfpj+To47aLBt+gYlmo1JL7k=">AAACTHicbVBNS8NAEN1UrbV+tXr0EiyCBylJFfRY9OKxgv3ANpTNZtIu3eyG3Y1QQv+FV/1J3v0f3kRw0wa0rQMLj/fe7Mw8P2ZUacf5sAobm1vF7dJOeXdv/+CwUj3qKJFIAm0imJA9HytglENbU82gF0vAkc+g60/uMr37DFJRwR/1NAYvwiNOQ0qwNtTTIMJ67Ptpazas1Jy6My97Hbg5qKG8WsOqdTEIBEki4JowrFTfdWLtpVhqShjMyoNEQYzJBI+gbyDHESgvna88s88ME9ihkOZxbc/Zvx0pjpSaRr5xZiuqVS0j/9P6iQ5vvJTyONHAyWJQmDBbCzu73w6oBKLZ1ABMJDW72mSMJSbapLQ8hY2EMYyj5VO4AB54mRorSEwCIlg5NmtsgPf7QcMYTL7uaprroNOou5f1xsNVrXmbJ11CJ+gUnSMXXaMmukct1EYEcfSCXtGb9W59Wl/W98JasPKeY7RUheIP7eG0vw==</latexit>

F (t) = P(T > t)
<latexit sha1_base64="1/sUzSlVNDv7lPk2f7o1AEeOgc0="></latexit>

P(P < p) = P(F (T ) < p) = P(T > F�1(p)) = F (F�1(p)) = p
<latexit sha1_base64="CYFHcNjLnppLmw2KbwUNoYjQhds="></latexit>



A Generic Decision Rule

University of California, Berkeley

• Reject       if the random variable      is equal to 1:

• This yields Neyman-Pearson control in the case of a single 
simple hypothesis (where all the      are the same and all the   
are set equal to some fixed value, say 0.05)

Hi
<latexit sha1_base64="Md6lnHJh6TSK8wfy9ptGauBohJU=">AAACRXicbVDLSsNAFJ34rPXV6tJNsAgupCRV0GXRTZcV7QPaUCaTm3boZCbMTIQS+glu9ZP8Bj/CnbjVSRvQtl4YOJxz7tx7jx8zqrTjvFtr6xubW9uFneLu3v7BYal81FYikQRaRDAhuz5WwCiHlqaaQTeWgCOfQccf32V65wmkooI/6kkMXoSHnIaUYG2oh8aADkoVp+rMyl4Fbg4qKK/moGxd9ANBkgi4Jgwr1XOdWHsplpoSBtNiP1EQYzLGQ+gZyHEEyktnu07tM8MEdiikeVzbM/ZvR4ojpSaRb5wR1iO1rGXkf1ov0eGNl1IeJxo4mQ8KE2ZrYWeH2wGVQDSbGICJpGZXm4ywxESbeBansKEwhlG0eAoXwAMvU2MFiUlABEvHZo018H4/qBmDydddTnMVtGtV97Jau7+q1G/zpAvoBJ2ic+Sia1RHDdRELUTQED2jF/RqvVkf1qf1NbeuWXnPMVoo6/sHN7iydg==</latexit>

Ti
<latexit sha1_base64="ZkmOAwCVUFsfNNsF08ukUTekghM=">AAACRXicbVDLSsNAFJ34rPXV6tJNsAgupCRV0GXRjcuKfUEbymRy0w6dzISZiVBCP8GtfpLf4Ee4E7c6aQPa1gsDh3POnXvv8WNGlXacd2ttfWNza7uwU9zd2z84LJWP2kokkkCLCCZk18cKGOXQ0lQz6MYScOQz6Pjju0zvPIFUVPCmnsTgRXjIaUgJ1oZ6bA7ooFRxqs6s7FXg5qCC8moMytZFPxAkiYBrwrBSPdeJtZdiqSlhMC32EwUxJmM8hJ6BHEegvHS269Q+M0xgh0Kax7U9Y/92pDhSahL5xhlhPVLLWkb+p/USHd54KeVxooGT+aAwYbYWdna4HVAJRLOJAZhIana1yQhLTLSJZ3EKGwpjGEWLp3ABPPAyNVaQmAREsHRs1lgD7/eDmjGYfN3lNFdBu1Z1L6u1h6tK/TZPuoBO0Ck6Ry66RnV0jxqohQgaomf0gl6tN+vD+rS+5tY1K+85Rgtlff8ATkSygg==</latexit>

Ti =

⇢
1, if Pi  ↵i

0, otherwise
<latexit sha1_base64="mKcEJ1bCXOU6FI3UPNLDpPYd02M="></latexit>

Hi
<latexit sha1_base64="Md6lnHJh6TSK8wfy9ptGauBohJU=">AAACRXicbVDLSsNAFJ34rPXV6tJNsAgupCRV0GXRTZcV7QPaUCaTm3boZCbMTIQS+glu9ZP8Bj/CnbjVSRvQtl4YOJxz7tx7jx8zqrTjvFtr6xubW9uFneLu3v7BYal81FYikQRaRDAhuz5WwCiHlqaaQTeWgCOfQccf32V65wmkooI/6kkMXoSHnIaUYG2oh8aADkoVp+rMyl4Fbg4qKK/moGxd9ANBkgi4Jgwr1XOdWHsplpoSBtNiP1EQYzLGQ+gZyHEEyktnu07tM8MEdiikeVzbM/ZvR4ojpSaRb5wR1iO1rGXkf1ov0eGNl1IeJxo4mQ8KE2ZrYWeH2wGVQDSbGICJpGZXm4ywxESbeBansKEwhlG0eAoXwAMvU2MFiUlABEvHZo018H4/qBmDydddTnMVtGtV97Jau7+q1G/zpAvoBJ2ic+Sia1RHDdRELUTQED2jF/RqvVkf1qf1NbeuWXnPMVoo6/sHN7iydg==</latexit>

↵i

<latexit sha1_base64="nW4Uv1pVkQfFa1h/zNUvz3Nc7d0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhjLZbtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lg5kkzI9wKHnIKRordXookhH2eb9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhFd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHq16vV9rVK/yeMowgmcwjl4cAl1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx8NoJAA</latexit>



Multiple Hypothesis Testing

• Let’s now consider multiple tests, in particular repeated 
tests of the same hypothesis

• The row-focused Neyman-Pearson paradigm provides 
a priori control over errors made in those cases in 
which the null hypothesis is true

– this isn’t very natural when the hypotheses are “cases” which arise 
randomly according to their prevalence

– it also makes little sense when we’re testing a bag of different
hypothesis (cf., A/B testing)

• Our example with 10,000 A/B tests showed that 
Neyman-Pearson tests do not control column-wise 
quantities such as the FDP   L

University of California, Berkeley
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Example

• Suppose that we obtain p-values from 25 experiments
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Naïve Multiple Decision-Making

• Suppose that we simply reject each test independently if its p-value is 
smaller than some threshold



Naïve Multiple Decision-Making

• Suppose that we simply reject each test independently if its p-value is 
smaller than some thresholding
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Naïve Multiple Decision-Making

• An oracle knows the truth: that the blue-shaded bars correspond to nulls 
(Reality = 0) and the red-shaded bars to alternatives (Reality = 1)
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Naïve Multiple Decision-Making

• We see that the decision-maker is avoiding false negatives, but is making a 
lot of false positives, and its false discovery proportion is 4/11; pretty bad! 
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Bonferroni

• Bonferroni avoids those false positives, but is making a lot of false 
negatives, and its false discovery proportion is 1/2; even worse! 
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Is There Something Else We Can Do?
• It’s not clear that any fixed threshold will work, and it’s not 

how to set such a threshold without knowing the truth
• We have to think out of the box: we’ll be developing a 

procedure that works with sorted p-values, and compares 
them to a line with a positive slope, not a horizontal line!

University of California, Berkeley
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Recall Our Bayesian Calculation

University of California, Berkeley

P (H = 0 |D = 1) =
P (D = 1 |H = 0)P (H = 0)

P (D = 1)

=
P (false positive)⇡0

P (D = 1)

<latexit sha1_base64="8GJCb+pu6Z5tjXYRrRrfGZRD0g0="></latexit>



Recall Our Bayesian Calculation

University of California, Berkeley

• We can (quite reasonably) upper bound       with 1, and upper 
bound                                using Neyman-Pearson thinking

• And so the numerator can be controlled; what about the 
denominator? 

⇡0
<latexit sha1_base64="3xtsb4/hq8JYByZC4t0vmy3Kk64=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7br9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx92cY50</latexit>

P (H = 0 |D = 1) =
P (D = 1 |H = 0)P (H = 0)

P (D = 1)

=
P (false positive)⇡0

P (D = 1)

<latexit sha1_base64="8GJCb+pu6Z5tjXYRrRrfGZRD0g0="></latexit>

P (false positive)

<latexit sha1_base64="TJJvi5JRNEjfVA8pl5Qkog8PAIU=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUTUmkoO6KblxWsA9oQplMb9qhkwczk0IJWbrxV9y4UMStn+DOv3GaZqGtBwbOnHMvl3O8mDOpLOvbWFldW9/YLG2Vt3d29/bNg8O2jBJBoUUjHomuRyRwFkJLMcWhGwsggceh441vZ35nAkKyKHxQ0xjcgAxD5jNKlJb65kmzmjoiwD7hEjIH5584kkyxCWTnuG9WrJqVAy8TuyAVVKDZN7+cQUSTAEJFOZGyZ1uxclMiFKMcsrKTSIgJHZMh9DQNSQDSTfMgGT7TygD7kdAvVDhXf2+kJJByGnh6MiBqJBe9mfif10uUf+WmLIwTBSGdH/ITjlWEZ63gARNAFZ9qQqjQ4SmmIyIIVbq7si7BXoy8TNoXNbteu76vVxo3RR0ldIxOURXZ6BI10B1qohai6BE9o1f0ZjwZL8a78TEfXTGKnSP0B8bnD+6AmU4=</latexit>



A Bayesian Calculation

University of California, Berkeley

• Using the law of total probability, we have:

P (D = 1) = P (D = 1 |H = 0)P (H = 0) + P (D = 1 |H = 1)P (H = 1)
<latexit sha1_base64="/yf/HOBLZz/wvx4AkyKtx+RVcLM=">AAACOHicbVDLSgMxFM3UV62vUZdugkVpUcpMFXQjFHXRnRXsA9qhZNJMG5rJDElGKLWf5cbPcCduXCji1i8w046gbS8k99xzzyW5xw0ZlcqyXozUwuLS8kp6NbO2vrG5ZW7v1GQQCUyqOGCBaLhIEkY5qSqqGGmEgiDfZaTu9q/ifv2eCEkDfqcGIXF81OXUoxgpTbXNm0ruGl5AOw8PdUoK2DqGD/FV1pWV13QCjuYq7F+FBm0zaxWsccBZYCcgC5KotM3nVifAkU+4wgxJ2bStUDlDJBTFjIwyrUiSEOE+6pKmhhz5RDrD8eIjeKCZDvQCoQ9XcMz+nRgiX8qB72qlj1RPTvdicl6vGSnv3BlSHkaKcDx5yIsYVAGMXYQdKghWbKABwoLqv0LcQwJhpb3OaBPs6ZVnQa1YsE8KxdvTbOkysSMN9sA+yAEbnIESKIMKqAIMHsEreAcfxpPxZnwaXxNpykhmdsG/ML5/ANZrnzw=</latexit>



A Bayesian Calculation

University of California, Berkeley

• Using the law of total probability, we have:

so we see that                   depends on the priorP (D = 1)
<latexit sha1_base64="GuE5xXFM7FyBdUXAyZ0vvEmcp5c=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuFfQiFPXgsYL9gHYp2TTbhmaTNckKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q0nqjST4sGMY+pHeCBYyAg2VmrXy7foCnmnvWLJrbgzoGXiZaQEGeq94le3L0kSUWEIx1p3PDc2foqVYYTTSaGbaBpjMsID2rFU4IhqP53dO0EnVumjUCpbwqCZ+nsixZHW4yiwnRE2Q73oTcX/vE5iwks/ZSJODBVkvihMODISTZ9HfaYoMXxsCSaK2VsRGWKFibERFWwI3uLLy6RZrXhnler9eal2ncWRhyM4hjJ4cAE1uIM6NIAAh2d4hTfn0Xlx3p2PeWvOyWYO4Q+czx+dIo5h</latexit>

⇡0
<latexit sha1_base64="3xtsb4/hq8JYByZC4t0vmy3Kk64=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7br9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx92cY50</latexit>

P (D = 1) = P (D = 1 |H = 0)P (H = 0) + P (D = 1 |H = 1)P (H = 1)

= ⇡0P (D = 1 |H = 0) + (1� ⇡0)P (D = 1 |H = 1)
<latexit sha1_base64="oBV2Pfi8L7bgS09iopBfMJov2x0="></latexit>



A Bayesian Calculation

University of California, Berkeley

• Using the law of total probability, we have:

so we see that                   depends on the prior
• Is this a problem?

– i.e., do we have to either decide to be Bayesian and supply the prior, or decide to 
be frequentist and abandon this approach?

• No!  In the multiple hypothesis testing problem it’s easy to 
estimate                   directly from the data!

P (D = 1)
<latexit sha1_base64="GuE5xXFM7FyBdUXAyZ0vvEmcp5c=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuFfQiFPXgsYL9gHYp2TTbhmaTNckKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q0nqjST4sGMY+pHeCBYyAg2VmrXy7foCnmnvWLJrbgzoGXiZaQEGeq94le3L0kSUWEIx1p3PDc2foqVYYTTSaGbaBpjMsID2rFU4IhqP53dO0EnVumjUCpbwqCZ+nsixZHW4yiwnRE2Q73oTcX/vE5iwks/ZSJODBVkvihMODISTZ9HfaYoMXxsCSaK2VsRGWKFibERFWwI3uLLy6RZrXhnler9eal2ncWRhyM4hjJ4cAE1uIM6NIAAh2d4hTfn0Xlx3p2PeWvOyWYO4Q+czx+dIo5h</latexit>

⇡0
<latexit sha1_base64="3xtsb4/hq8JYByZC4t0vmy3Kk64=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7br9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx92cY50</latexit>

P (D = 1) = P (D = 1 |H = 0)P (H = 0) + P (D = 1 |H = 1)P (H = 1)

= ⇡0P (D = 1 |H = 0) + (1� ⇡0)P (D = 1 |H = 1)
<latexit sha1_base64="oBV2Pfi8L7bgS09iopBfMJov2x0="></latexit>

P (D = 1)
<latexit sha1_base64="GuE5xXFM7FyBdUXAyZ0vvEmcp5c=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuFfQiFPXgsYL9gHYp2TTbhmaTNckKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q0nqjST4sGMY+pHeCBYyAg2VmrXy7foCnmnvWLJrbgzoGXiZaQEGeq94le3L0kSUWEIx1p3PDc2foqVYYTTSaGbaBpjMsID2rFU4IhqP53dO0EnVumjUCpbwqCZ+nsixZHW4yiwnRE2Q73oTcX/vE5iwks/ZSJODBVkvihMODISTZ9HfaYoMXxsCSaK2VsRGWKFibERFWwI3uLLy6RZrXhnler9eal2ncWRhyM4hjJ4cAE1uIM6NIAAh2d4hTfn0Xlx3p2PeWvOyWYO4Q+czx+dIo5h</latexit>



Towards an Algorithm

University of California, Berkeley

• We will plug in an estimate of                   into the Bayesian 
posterior probability

– this is called empirical Bayesian
• And we will use the empirical Bayesian estimate to set a threshold

P (D = 1)
<latexit sha1_base64="GuE5xXFM7FyBdUXAyZ0vvEmcp5c=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuFfQiFPXgsYL9gHYp2TTbhmaTNckKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q0nqjST4sGMY+pHeCBYyAg2VmrXy7foCnmnvWLJrbgzoGXiZaQEGeq94le3L0kSUWEIx1p3PDc2foqVYYTTSaGbaBpjMsID2rFU4IhqP53dO0EnVumjUCpbwqCZ+nsixZHW4yiwnRE2Q73oTcX/vE5iwks/ZSJODBVkvihMODISTZ9HfaYoMXxsCSaK2VsRGWKFibERFWwI3uLLy6RZrXhnler9eal2ncWRhyM4hjJ4cAE1uIM6NIAAh2d4hTfn0Xlx3p2PeWvOyWYO4Q+czx+dIo5h</latexit>



Controlling the FDR

University of California, Berkeley

• Benjamini & Hochberg (1995) proposed an algorithm that does it



Controlling the FDR

University of California, Berkeley

• Benjamini & Hochberg (1995) proposed an algorithm that does it
• Given     tests, obtain P-values     , and sort them from smallest to 

largest, denoting the sorted -values as 
Pi

<latexit sha1_base64="GyYTPGf2JzL3Lrveya0tktbVXvc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAk7o20</latexit>

m
<latexit sha1_base64="hgrbGyfUs1b/Mr5+M32Ck4D9zmA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP1tuM9Q==</latexit>

P(k)
<latexit sha1_base64="rxX1keHZTdGF11HbQ62rTndfCYw=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mqoMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJaPZpKgH9Gh5CFn1Fip3ehnlfHFtF8qu1V3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtoQvOWXV0mrVvUuq7WHq3L9No+jAKdwBhXw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9Y1J585gT9wPn8AtIOPJw==</latexit>



Controlling the FDR

University of California, Berkeley

• Benjamini & Hochberg (1995) proposed an algorithm that does it
• Given     tests, obtain P-values     , and sort them from smallest to 

largest, denoting the sorted P-values as 
– the small ones are the safest to reject

Pi
<latexit sha1_base64="GyYTPGf2JzL3Lrveya0tktbVXvc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAk7o20</latexit>

m
<latexit sha1_base64="hgrbGyfUs1b/Mr5+M32Ck4D9zmA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP1tuM9Q==</latexit>

P(k)
<latexit sha1_base64="rxX1keHZTdGF11HbQ62rTndfCYw=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mqoMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJaPZpKgH9Gh5CFn1Fip3ehnlfHFtF8qu1V3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtoQvOWXV0mrVvUuq7WHq3L9No+jAKdwBhXw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9Y1J585gT9wPn8AtIOPJw==</latexit>



Controlling the FDR

University of California, Berkeley

• Benjamini & Hochberg (1995) proposed an algorithm that does it
• Given     tests, obtain P-values     , and sort them from smallest to 

largest, denoting the sorted P-values as 
– the small ones are the safest to reject

• Now, find the largest    such that:

Pi
<latexit sha1_base64="GyYTPGf2JzL3Lrveya0tktbVXvc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAk7o20</latexit>

m
<latexit sha1_base64="hgrbGyfUs1b/Mr5+M32Ck4D9zmA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP1tuM9Q==</latexit>

P(k)
<latexit sha1_base64="rxX1keHZTdGF11HbQ62rTndfCYw=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mqoMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJaPZpKgH9Gh5CFn1Fip3ehnlfHFtF8qu1V3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtoQvOWXV0mrVvUuq7WHq3L9No+jAKdwBhXw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9Y1J585gT9wPn8AtIOPJw==</latexit>

k
<latexit sha1_base64="S3l8nnBLDerjgmOsR9KRP3N3+lk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f09OM8w==</latexit>

P(k) 
k

m
↵

<latexit sha1_base64="GQlapvpSpV5jZkvw3VqL6rqUDMU=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUTUmqoMuiG5cV7AOaECbTSTt0ZhJnJkIJWbrxV9y4UMStn+DOv3HaZqGtBy4czrmXe+8JE0aVdpxva2l5ZXVtvbRR3tza3tm19/bbKk4lJi0cs1h2Q6QIo4K0NNWMdBNJEA8Z6YSj64nfeSBS0Vjc6XFCfI4GgkYUI22kwD5qBll1dJpDj5F76EUS4WyUZ9wIiCVDFNgVp+ZMAReJW5AKKNAM7C+vH+OUE6ExQ0r1XCfRfoakppiRvOyliiQIj9CA9AwViBPlZ9NHcnhilD6MYmlKaDhVf09kiCs15qHp5EgP1bw3Ef/zeqmOLv2MiiTVRODZoihlUMdwkgrsU0mwZmNDEJbU3ArxEJkwtMmubEJw519eJO16zT2r1W/PK42rIo4SOATHoApccAEa4AY0QQtg8AiewSt4s56sF+vd+pi1LlnFzAH4A+vzBxpgmWg=</latexit>



Controlling the FDR

University of California, Berkeley

• Benjamini & Hochberg (1995) proposed an algorithm that does it
• Given     tests, obtain P-values     , and sort them from smallest to 

largest, denoting the sorted P-values as 
– the small ones are the safest to reject

• Now, find the largest    such that:

Pi
<latexit sha1_base64="GyYTPGf2JzL3Lrveya0tktbVXvc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAk7o20</latexit>

m
<latexit sha1_base64="hgrbGyfUs1b/Mr5+M32Ck4D9zmA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP1tuM9Q==</latexit>

P(k)
<latexit sha1_base64="rxX1keHZTdGF11HbQ62rTndfCYw=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mqoMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJaPZpKgH9Gh5CFn1Fip3ehnlfHFtF8qu1V3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtoQvOWXV0mrVvUuq7WHq3L9No+jAKdwBhXw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9Y1J585gT9wPn8AtIOPJw==</latexit>

k
<latexit sha1_base64="S3l8nnBLDerjgmOsR9KRP3N3+lk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f09OM8w==</latexit>

P(k) 
k

m
↵

<latexit sha1_base64="GQlapvpSpV5jZkvw3VqL6rqUDMU=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUTUmqoMuiG5cV7AOaECbTSTt0ZhJnJkIJWbrxV9y4UMStn+DOv3HaZqGtBy4czrmXe+8JE0aVdpxva2l5ZXVtvbRR3tza3tm19/bbKk4lJi0cs1h2Q6QIo4K0NNWMdBNJEA8Z6YSj64nfeSBS0Vjc6XFCfI4GgkYUI22kwD5qBll1dJpDj5F76EUS4WyUZ9wIiCVDFNgVp+ZMAReJW5AKKNAM7C+vH+OUE6ExQ0r1XCfRfoakppiRvOyliiQIj9CA9AwViBPlZ9NHcnhilD6MYmlKaDhVf09kiCs15qHp5EgP1bw3Ef/zeqmOLv2MiiTVRODZoihlUMdwkgrsU0mwZmNDEJbU3ArxEJkwtMmubEJw519eJO16zT2r1W/PK42rIo4SOATHoApccAEa4AY0QQtg8AiewSt4s56sF+vd+pi1LlnFzAH4A+vzBxpgmWg=</latexit>
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Controlling the FDR

University of California, Berkeley

• Benjamini & Hochberg (1995) proposed an algorithm that does it
• Given     tests, obtain P-values     , and sort them from smallest to 

largest, denoting the sorted P-values as 
– the small ones are the safest to reject

• Now, find the largest    such that:

• Reject the null hypothesis (i.e., declare discoveries) for 
all hypotheses       such that 

Pi
<latexit sha1_base64="GyYTPGf2JzL3Lrveya0tktbVXvc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAk7o20</latexit>

m
<latexit sha1_base64="hgrbGyfUs1b/Mr5+M32Ck4D9zmA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP1tuM9Q==</latexit>

P(k)
<latexit sha1_base64="rxX1keHZTdGF11HbQ62rTndfCYw=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mqoMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJaPZpKgH9Gh5CFn1Fip3ehnlfHFtF8qu1V3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtoQvOWXV0mrVvUuq7WHq3L9No+jAKdwBhXw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9Y1J585gT9wPn8AtIOPJw==</latexit>

k
<latexit sha1_base64="S3l8nnBLDerjgmOsR9KRP3N3+lk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f09OM8w==</latexit>

P(k) 
k

m
↵

<latexit sha1_base64="GQlapvpSpV5jZkvw3VqL6rqUDMU=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUTUmqoMuiG5cV7AOaECbTSTt0ZhJnJkIJWbrxV9y4UMStn+DOv3HaZqGtBy4czrmXe+8JE0aVdpxva2l5ZXVtvbRR3tza3tm19/bbKk4lJi0cs1h2Q6QIo4K0NNWMdBNJEA8Z6YSj64nfeSBS0Vjc6XFCfI4GgkYUI22kwD5qBll1dJpDj5F76EUS4WyUZ9wIiCVDFNgVp+ZMAReJW5AKKNAM7C+vH+OUE6ExQ0r1XCfRfoakppiRvOyliiQIj9CA9AwViBPlZ9NHcnhilD6MYmlKaDhVf09kiCs15qHp5EgP1bw3Ef/zeqmOLv2MiiTVRODZoihlUMdwkgrsU0mwZmNDEJbU3ArxEJkwtMmubEJw519eJO16zT2r1W/PK42rIo4SOATHoApccAEa4AY0QQtg8AiewSt4s56sF+vd+pi1LlnFzAH4A+vzBxpgmWg=</latexit>

Hi
<latexit sha1_base64="84RzC/X9OWly2cCA4dke4lpSP0U=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj00mNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZ6qPd5v1R2K+4cZJV4OSlDjka/9NUbxCyNUBomqNZdz02Mn1FlOBM4LfZSjQllYzrErqWSRqj9bH7qlJxbZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTtCF4yy+vkla14l1WqvdX5dptHkcBTuEMLsCDa6hBHRrQBAZDeIZXeHOE8+K8Ox+L1jUnnzmBP3A+fwAYvo2s</latexit>

i  k
<latexit sha1_base64="O+HV7Cy5TCG0N/KNgT72jOLlGtM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqc9IVOCajXqnsVtw5yCrxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwWuymGhPKRnSAHUsljVD72fzeKTm3Sp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7HnS5wqZERNLKFPc3krYkCrKjI2oaEPwll9eJc1qxbusVB+uyrXbPI4CnMIZXIAH11CDe6hDAxgIeIZXeHPGzovz7nwsWtecfOYE/sD5/AFTbI+A</latexit>
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Controlling the FDR

University of California, Berkeley

• Benjamini & Hochberg (1995) proposed an algorithm that does it
• Given     tests, obtain P-values     , and sort them from smallest to 

largest, denoting the sorted P-values as 
– the small ones are the safest to reject

• Now, find the largest    such that:

• Reject the null hypothesis (i.e., declare discoveries) for 
all hypotheses       such that 

• This controls the FDR!

Pi
<latexit sha1_base64="GyYTPGf2JzL3Lrveya0tktbVXvc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAk7o20</latexit>

m
<latexit sha1_base64="hgrbGyfUs1b/Mr5+M32Ck4D9zmA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP1tuM9Q==</latexit>

P(k)
<latexit sha1_base64="rxX1keHZTdGF11HbQ62rTndfCYw=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mqoMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJaPZpKgH9Gh5CFn1Fip3ehnlfHFtF8qu1V3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtoQvOWXV0mrVvUuq7WHq3L9No+jAKdwBhXw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9Y1J585gT9wPn8AtIOPJw==</latexit>

k
<latexit sha1_base64="S3l8nnBLDerjgmOsR9KRP3N3+lk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f09OM8w==</latexit>

P(k) 
k

m
↵

<latexit sha1_base64="GQlapvpSpV5jZkvw3VqL6rqUDMU=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUTUmqoMuiG5cV7AOaECbTSTt0ZhJnJkIJWbrxV9y4UMStn+DOv3HaZqGtBy4czrmXe+8JE0aVdpxva2l5ZXVtvbRR3tza3tm19/bbKk4lJi0cs1h2Q6QIo4K0NNWMdBNJEA8Z6YSj64nfeSBS0Vjc6XFCfI4GgkYUI22kwD5qBll1dJpDj5F76EUS4WyUZ9wIiCVDFNgVp+ZMAReJW5AKKNAM7C+vH+OUE6ExQ0r1XCfRfoakppiRvOyliiQIj9CA9AwViBPlZ9NHcnhilD6MYmlKaDhVf09kiCs15qHp5EgP1bw3Ef/zeqmOLv2MiiTVRODZoihlUMdwkgrsU0mwZmNDEJbU3ArxEJkwtMmubEJw519eJO16zT2r1W/PK42rIo4SOATHoApccAEa4AY0QQtg8AiewSt4s56sF+vd+pi1LlnFzAH4A+vzBxpgmWg=</latexit>

Hi
<latexit sha1_base64="84RzC/X9OWly2cCA4dke4lpSP0U=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj00mNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZ6qPd5v1R2K+4cZJV4OSlDjka/9NUbxCyNUBomqNZdz02Mn1FlOBM4LfZSjQllYzrErqWSRqj9bH7qlJxbZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTtCF4yy+vkla14l1WqvdX5dptHkcBTuEMLsCDa6hBHRrQBAZDeIZXeHOE8+K8Ox+L1jUnnzmBP3A+fwAYvo2s</latexit>

i  k
<latexit sha1_base64="O+HV7Cy5TCG0N/KNgT72jOLlGtM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbNLdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j+WjmSToR3QgecgZNVZqc9IVOCajXqnsVtw5yCrxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwWuymGhPKRnSAHUsljVD72fzeKTm3Sp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7HnS5wqZERNLKFPc3krYkCrKjI2oaEPwll9eJc1qxbusVB+uyrXbPI4CnMIZXIAH11CDe6hDAxgIeIZXeHPGzovz7nwsWtecfOYE/sD5/AFTbI+A</latexit>
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Heuristic Argument

University of California, Berkeley

• Letting        denote the number of true nulls, we have (very roughly):

↵

<latexit sha1_base64="bZQ+Er1E07LJGye3M0VEPgsqG3E=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhjLZbtq1m03Y3Qgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lg5kkzI9wKHnIKRortXookhH2yxW36s5BVomXkwrkaPTLX71BTNOISUMFat313MT4GSrDqWDTUi/VLEE6xiHrWioxYtrP5tdOyZlVBiSMlS1pyFz9PZFhpPUkCmxnhGakl72Z+J/XTU145WdcJqlhki4WhakgJiaz18mAK0aNmFiCVHF7K6EjVEiNDahkQ/CWX14lrYuqV6te39cq9Zs8jiKcwCmcgweXUIc7aEATKDzCM7zCmxM7L86787FoLTj5zDH8gfP5A49hjyQ=</latexit>

m

<latexit sha1_base64="gmJQOVUg0BxXzrMqAuYYD8PdNoM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrd5OwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ch5hy3AjsJMopDIQ+BCMb2f+wxMqzePo3kwS9CUdRjzkjBorNWW/XHGr7hxklXg5qUCORr/81RvELJUYGSao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupRGVqP1sfuiUnFllQMJY2YoMmau/JzIqtZ7IwHZKakZ62ZuJ/3nd1IRXfsajJDUYscWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/2W2M/Q==</latexit>

k

<latexit sha1_base64="ESqfkpoOzQTKxIV+zY20hF3GUbw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2VmuN+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ANZljPs=</latexit>

�

<latexit sha1_base64="w6h9Bf4+M1acskkgMSQ1DM2KxtA=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLKF3MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCAzlTNKmZZbTTqIpiIjTdjS+nfntJ6oNU/LBThIaChhKFjMC1kmt3hCEgH654lf9OfAqCXJSQTka/fJXb6BIKqi0hIMx3cBPbJiBtoxwOi31UkMTIGMY0q6jEgQ1YTa/dorPnDLAsdKupMVz9fdEBsKYiYhcpwA7MsveTPzP66Y2vgozJpPUUkkWi+KUY6vw7HU8YJoSyyeOANHM3YrJCDQQ6wIquRCC5ZdXSeuiGtSq1/e1Sv0mj6OITtApOkcBukR1dIcaqIkIekTP6BW9ecp78d69j0VrwctnjtEfeJ8/isuPIQ==</latexit>

FDR  �m0

k
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↵k
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<latexit sha1_base64="E3On3lXXn4eEe4NqMggL/Au0SiE="></latexit>

m0

<latexit sha1_base64="q0/hUmRZJ03rEjCeVcJHS6sxbrg=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKQb0VvXisaD+gXUo2zbahSXZJskJZ+hO8eFDEq7/Im//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMnGqKWvSWMS6ExLDBFesabkVrJNoRmQoWDsc38789hPThsfq0U4SFkgyVDzilFgnPci+1y9XvKo3B14lfk4qkKPRL3/1BjFNJVOWCmJM1/cSG2REW04Fm5Z6qWEJoWMyZF1HFZHMBNn81Ck+c8oAR7F2pSyeq78nMiKNmcjQdUpiR2bZm4n/ed3URldBxlWSWqboYlGUCmxjPPsbD7hm1IqJI4Rq7m7FdEQ0odalU3Ih+Msvr5LWRdWvVa/va5X6TR5HEU7gFM7Bh0uowx00oAkUhvAMr/CGBHpB7+hj0VpA+cwx/AH6/AH9O42g</latexit>



The Online Problem

University of California, Berkeley

• Classical statistics, and also the Benjamini & Hochberg 
framework, focused on a batch setting in which all data has 
already been collected

• E.g., for Benjamini & Hochberg, you need all of the p-values 
before you can get started

• Is is possible to consider methods that make sequences of 
decisions, and provide FDR control at any moment in time

• Is it conceivable that one can achieve lifetime FDR control?



• Classical FDR procedures (such as BH) which make all decisions 
simultaneously are called “offline”

• “Online” FDR procedures make decisions one at a time

Offline vs. Online FDR Control

decisions

time

decision decision decision decision decision

P1
<latexit sha1_base64="+lZE8BB4tmPVBKt2dSWN1yfQrgU=">AAACRXicbVDLSsNAFJ3UV62vVpdugkVwISWpgi6LblxWtA9oQ5lMbtKhk5kwMxFK6Se41U/yG/wId+JWJ21A23ph4HDOuXPvPX7CqNKO824V1tY3NreK26Wd3b39g3LlsK1EKgm0iGBCdn2sgFEOLU01g24iAcc+g44/us30zhNIRQV/1OMEvBhHnIaUYG2oh+bAHZSrTs2Zlb0K3BxUUV7NQcU67weCpDFwTRhWquc6ifYmWGpKGExL/VRBgskIR9AzkOMYlDeZ7Tq1Tw0T2KGQ5nFtz9i/HRMcKzWOfeOMsR6qZS0j/9N6qQ6vvQnlSaqBk/mgMGW2FnZ2uB1QCUSzsQGYSGp2tckQS0y0iWdxCouEMQzjxVO4AB54mZooSE0CIlg6Nmusg/f7Qd0YTL7ucpqroF2vuRe1+v1ltXGTJ11Ex+gEnSEXXaEGukNN1EIERegZvaBX6836sD6tr7m1YOU9R2ihrO8f3emyRg==</latexit>

P1
<latexit sha1_base64="+lZE8BB4tmPVBKt2dSWN1yfQrgU=">AAACRXicbVDLSsNAFJ3UV62vVpdugkVwISWpgi6LblxWtA9oQ5lMbtKhk5kwMxFK6Se41U/yG/wId+JWJ21A23ph4HDOuXPvPX7CqNKO824V1tY3NreK26Wd3b39g3LlsK1EKgm0iGBCdn2sgFEOLU01g24iAcc+g44/us30zhNIRQV/1OMEvBhHnIaUYG2oh+bAHZSrTs2Zlb0K3BxUUV7NQcU67weCpDFwTRhWquc6ifYmWGpKGExL/VRBgskIR9AzkOMYlDeZ7Tq1Tw0T2KGQ5nFtz9i/HRMcKzWOfeOMsR6qZS0j/9N6qQ6vvQnlSaqBk/mgMGW2FnZ2uB1QCUSzsQGYSGp2tckQS0y0iWdxCouEMQzjxVO4AB54mZooSE0CIlg6Nmusg/f7Qd0YTL7ucpqroF2vuRe1+v1ltXGTJ11Ex+gEnSEXXaEGukNN1EIERegZvaBX6836sD6tr7m1YOU9R2ihrO8f3emyRg==</latexit>

P2
<latexit sha1_base64="Loh5+W1kGSY9Iy5Gi9QacdhlOL4=">AAACRXicbVDLSsNAFJ3UV62vVpdugkVwISWJgi6LblxWtA9oQ5lMbtOhk5kwMxFK6Ce41U/yG/wId+JWJ21B23ph4HDOuXPvPUHCqNKO824V1tY3NreK26Wd3b39g3LlsKVEKgk0iWBCdgKsgFEOTU01g04iAccBg3Ywus319hNIRQV/1OME/BhHnA4owdpQD42+1y9XnZozLXsVuHNQRfNq9CvWeS8UJI2Ba8KwUl3XSbSfYakpYTAp9VIFCSYjHEHXQI5jUH423XVinxomtAdCmse1PWX/dmQ4VmocB8YZYz1Uy1pO/qd1Uz249jPKk1QDJ7NBg5TZWtj54XZIJRDNxgZgIqnZ1SZDLDHRJp7FKSwSxjCMF0/hAnjo52qiIDUJiHDp2LzRA//3A88YTL7ucpqroOXV3Iuad39Zrd/Mky6iY3SCzpCLrlAd3aEGaiKCIvSMXtCr9WZ9WJ/W18xasOY9R2ihrO8f38iyRw==</latexit>

P2
<latexit sha1_base64="Loh5+W1kGSY9Iy5Gi9QacdhlOL4=">AAACRXicbVDLSsNAFJ3UV62vVpdugkVwISWJgi6LblxWtA9oQ5lMbtOhk5kwMxFK6Ce41U/yG/wId+JWJ21B23ph4HDOuXPvPUHCqNKO824V1tY3NreK26Wd3b39g3LlsKVEKgk0iWBCdgKsgFEOTU01g04iAccBg3Ywus319hNIRQV/1OME/BhHnA4owdpQD42+1y9XnZozLXsVuHNQRfNq9CvWeS8UJI2Ba8KwUl3XSbSfYakpYTAp9VIFCSYjHEHXQI5jUH423XVinxomtAdCmse1PWX/dmQ4VmocB8YZYz1Uy1pO/qd1Uz249jPKk1QDJ7NBg5TZWtj54XZIJRDNxgZgIqnZ1SZDLDHRJp7FKSwSxjCMF0/hAnjo52qiIDUJiHDp2LzRA//3A88YTL7ucpqroOXV3Iuad39Zrd/Mky6iY3SCzpCLrlAd3aEGaiKCIvSMXtCr9WZ9WJ/W18xasOY9R2ihrO8f38iyRw==</latexit>

P3
<latexit sha1_base64="R5mRhe8+1rwUafD0t8pXK5GlNXM=">AAACRXicbVDLSsNAFJ34rPXV6tJNsAgupCStoMuiG5cV7QPaUCaTm3boZCbMTIQS+glu9ZP8Bj/CnbjVSRvQtl4YOJxz7tx7jx8zqrTjvFtr6xubW9uFneLu3v7BYal81FYikQRaRDAhuz5WwCiHlqaaQTeWgCOfQccf32Z65wmkooI/6kkMXoSHnIaUYG2oh+agPihVnKozK3sVuDmooLyag7J10Q8ESSLgmjCsVM91Yu2lWGpKGEyL/URBjMkYD6FnIMcRKC+d7Tq1zwwT2KGQ5nFtz9i/HSmOlJpEvnFGWI/UspaR/2m9RIfXXkp5nGjgZD4oTJithZ0dbgdUAtFsYgAmkppdbTLCEhNt4lmcwobCGEbR4ilcAA+8TI0VJCYBESwdmzXWwPv9oGYMJl93Oc1V0K5V3Xq1dn9ZadzkSRfQCTpF58hFV6iB7lATtRBBQ/SMXtCr9WZ9WJ/W19y6ZuU9x2ihrO8f4aeySA==</latexit>

P3
<latexit sha1_base64="R5mRhe8+1rwUafD0t8pXK5GlNXM=">AAACRXicbVDLSsNAFJ34rPXV6tJNsAgupCStoMuiG5cV7QPaUCaTm3boZCbMTIQS+glu9ZP8Bj/CnbjVSRvQtl4YOJxz7tx7jx8zqrTjvFtr6xubW9uFneLu3v7BYal81FYikQRaRDAhuz5WwCiHlqaaQTeWgCOfQccf32Z65wmkooI/6kkMXoSHnIaUYG2oh+agPihVnKozK3sVuDmooLyag7J10Q8ESSLgmjCsVM91Yu2lWGpKGEyL/URBjMkYD6FnIMcRKC+d7Tq1zwwT2KGQ5nFtz9i/HSmOlJpEvnFGWI/UspaR/2m9RIfXXkp5nGjgZD4oTJithZ0dbgdUAtFsYgAmkppdbTLCEhNt4lmcwobCGEbR4ilcAA+8TI0VJCYBESwdmzXWwPv9oGYMJl93Oc1V0K5V3Xq1dn9ZadzkSRfQCTpF58hFV6iB7lATtRBBQ/SMXtCr9WZ9WJ/W19y6ZuU9x2ihrO8f4aeySA==</latexit>

P4
<latexit sha1_base64="AuZQRrKhdMTiSmXBfZd0R98ecl4=">AAACRXicbVDLSsNAFJ34rPXV6tJNsAgupCS1oMuiG5cV7QPaUCaTm3boZCbMTIQS+glu9ZP8Bj/CnbjVSRvQtl4YOJxz7tx7jx8zqrTjvFtr6xubW9uFneLu3v7BYal81FYikQRaRDAhuz5WwCiHlqaaQTeWgCOfQccf32Z65wmkooI/6kkMXoSHnIaUYG2oh+agPihVnKozK3sVuDmooLyag7J10Q8ESSLgmjCsVM91Yu2lWGpKGEyL/URBjMkYD6FnIMcRKC+d7Tq1zwwT2KGQ5nFtz9i/HSmOlJpEvnFGWI/UspaR/2m9RIfXXkp5nGjgZD4oTJithZ0dbgdUAtFsYgAmkppdbTLCEhNt4lmcwobCGEbR4ilcAA+8TI0VJCYBESwdmzXWwPv9oGYMJl93Oc1V0K5V3ctq7b5eadzkSRfQCTpF58hFV6iB7lATtRBBQ/SMXtCr9WZ9WJ/W19y6ZuU9x2ihrO8f44aySQ==</latexit>

P4
<latexit sha1_base64="AuZQRrKhdMTiSmXBfZd0R98ecl4=">AAACRXicbVDLSsNAFJ34rPXV6tJNsAgupCS1oMuiG5cV7QPaUCaTm3boZCbMTIQS+glu9ZP8Bj/CnbjVSRvQtl4YOJxz7tx7jx8zqrTjvFtr6xubW9uFneLu3v7BYal81FYikQRaRDAhuz5WwCiHlqaaQTeWgCOfQccf32Z65wmkooI/6kkMXoSHnIaUYG2oh+agPihVnKozK3sVuDmooLyag7J10Q8ESSLgmjCsVM91Yu2lWGpKGEyL/URBjMkYD6FnIMcRKC+d7Tq1zwwT2KGQ5nFtz9i/HSmOlJpEvnFGWI/UspaR/2m9RIfXXkp5nGjgZD4oTJithZ0dbgdUAtFsYgAmkppdbTLCEhNt4lmcwobCGEbR4ilcAA+8TI0VJCYBESwdmzXWwPv9oGYMJl93Oc1V0K5V3ctq7b5eadzkSRfQCTpF58hFV6iB7lATtRBBQ/SMXtCr9WZ9WJ/W19y6ZuU9x2ihrO8f44aySQ==</latexit>

P5
<latexit sha1_base64="XsPjvuFQF7MkpcBhSHfxDLZVDU8=">AAACRXicbVDLSsNAFJ3UV62vVpdugkVwISWJii6LblxWtLbQhjKZ3KZDJzNhZiKU0E9wq5/kN/gR7sStTtqCtvXCwOGcc+fee4KEUaUd590qrKyurW8UN0tb2zu7e+XK/qMSqSTQJIIJ2Q6wAkY5NDXVDNqJBBwHDFrB8CbXW08gFRX8QY8S8GMccdqnBGtD3Td6F71y1ak5k7KXgTsDVTSrRq9inXZDQdIYuCYMK9VxnUT7GZaaEgbjUjdVkGAyxBF0DOQ4BuVnk13H9rFhQrsvpHlc2xP2b0eGY6VGcWCcMdYDtajl5H9aJ9X9Kz+jPEk1cDId1E+ZrYWdH26HVALRbGQAJpKaXW0ywBITbeKZn8IiYQyDeP4ULoCHfq4mClKTgAgXjs0bPfB/P/CMweTrLqa5DB69mntW8+7Oq/XrWdJFdIiO0Aly0SWqo1vUQE1EUISe0Qt6td6sD+vT+ppaC9as5wDNlfX9A+Vlsko=</latexit>

P5
<latexit sha1_base64="XsPjvuFQF7MkpcBhSHfxDLZVDU8=">AAACRXicbVDLSsNAFJ3UV62vVpdugkVwISWJii6LblxWtLbQhjKZ3KZDJzNhZiKU0E9wq5/kN/gR7sStTtqCtvXCwOGcc+fee4KEUaUd590qrKyurW8UN0tb2zu7e+XK/qMSqSTQJIIJ2Q6wAkY5NDXVDNqJBBwHDFrB8CbXW08gFRX8QY8S8GMccdqnBGtD3Td6F71y1ak5k7KXgTsDVTSrRq9inXZDQdIYuCYMK9VxnUT7GZaaEgbjUjdVkGAyxBF0DOQ4BuVnk13H9rFhQrsvpHlc2xP2b0eGY6VGcWCcMdYDtajl5H9aJ9X9Kz+jPEk1cDId1E+ZrYWdH26HVALRbGQAJpKaXW0ywBITbeKZn8IiYQyDeP4ULoCHfq4mClKTgAgXjs0bPfB/P/CMweTrLqa5DB69mntW8+7Oq/XrWdJFdIiO0Aly0SWqo1vUQE1EUISe0Qt6td6sD+vT+ppaC9as5wDNlfX9A+Vlsko=</latexit>



Example: Many Enterprises Run Thousands
of So-Called A/B Tests Each Day
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Challenges

University of California, Berkeley

• It’s not clear how to do change batch procedures such as 
Benjamini-Hochberg procedure to be online



Challenges

University of California, Berkeley

• It’s not clear how to do change batch procedures such as 
Benjamini-Hochberg procedure to be online

• We might retreat to Bonferroni, which would allow us to set     
to             and thereby have a FWER of         after    tests            

– but what do we do on the                 test? 
– we eventually can’t do any more tests
– we’ve used up our “alpha wealth”

↵
<latexit sha1_base64="0ONgx8Jx9sv7N/ylt492tvtCwWE=">AAACSHicbVDLSsNAFJ3UV62vVpdugkVwISWpgi6LblxWsA9oQ5lMbprRyUyYmQgl9B/c6if5B/6FO3HnpA1oWy8MHM45d+69x08YVdpxPqzS2vrG5lZ5u7Kzu7d/UK0ddpVIJYEOEUzIvo8VMMqho6lm0E8k4Nhn0POfbnO99wxSUcEf9CQBL8ZjTkNKsDZUd4hZEuFRte40nFnZq8AtQB0V1R7VrPNhIEgaA9eEYaUGrpNoL8NSU8JgWhmmChJMnvAYBgZyHIPystm6U/vUMIEdCmke1/aM/duR4VipSewbZ4x1pJa1nPxPG6Q6vPYyypNUAyfzQWHKbC3s/HY7oBKIZhMDMJHU7GqTCEtMtElocQobC2OI4sVTuAAeeLmaKEhNAiJYOjZvbIL3+0HTGEy+7nKaq6DbbLgXjeb9Zb11UyRdRsfoBJ0hF12hFrpDbdRBBD2iF/SK3qx369P6sr7n1pJV9ByhhSqVfgAkEbLn</latexit>

0.05/n
<latexit sha1_base64="ide14uIfRIYt99tSOUtc0z9IZZk=">AAACSHicbVDLSsNAFJ3EV62vVpdugkVwITWJii6LblxWsA9oQ5lMbtrRyUyYmQil9B/c6if5B/6FO3HnpC1oWy8MHM45d+69J0wZVdp1Pyx7ZXVtfaOwWdza3tndK5X3m0pkkkCDCCZkO8QKGOXQ0FQzaKcScBIyaIVPt7neegapqOAPephCkOA+pzElWBuq6VbdyzPeK1UMmJSzDLwZqKBZ1Xtl67QbCZIlwDVhWKmO56Y6GGGpKWEwLnYzBSkmT7gPHQM5TkAFo8m6Y+fYMJETC2ke186E/dsxwolSwyQ0zgTrgVrUcvI/rZPp+DoYUZ5mGjiZDooz5mjh5Lc7EZVANBsagImkZleHDLDERJuE5qewvjCGQTJ/ChfAoyBXUwWZSUBEC8fmjT4Evx/4xmDy9RbTXAZNv+qdV/37i0rtZpZ0AR2iI3SCPHSFaugO1VEDEfSIXtArerPerU/ry/qeWm1r1nOA5sq2fwA+KrHl</latexit>

0.05
<latexit sha1_base64="18kjw7BGMDgfyzMlm2h/jbicJKE=">AAACRnicbVDLSgMxFL1TX7W+Wl26GSyCCykzVdFl0Y3LCvYB7VAymds2mEmGJCOU0l9wq5/kL/gT7sStmbagbb0Qcjjn3NzcEyacaeN5H05ubX1jcyu/XdjZ3ds/KJYOm1qmimKDSi5VOyQaORPYMMxwbCcKSRxybIVPd5neekalmRSPZpRgEJOBYH1Gickor+Jd9Yple03LXQX+HJRhXvVeyTnvRpKmMQpDOdG643uJCcZEGUY5TgrdVGNC6BMZYMdCQWLUwXj62Yl7apnI7UtljzDulP3bMSax1qM4tM6YmKFe1jLyP62Tmv5NMGYiSQ0KOhvUT7lrpJtt7kZMITV8ZAGhitm/unRIFKHG5rM4hQ+kNQzjxVWERBEFmZpoTG0CMlpaNmusYvD7QNUabL7+cpqroFmt+BeV6sNluXY7TzoPx3ACZ+DDNdTgHurQAApDeIFXeHPenU/ny/meWXPOvOcIFioHP8wIsTQ=</latexit>

n
<latexit sha1_base64="4o7BQujWMlupRUqyriu1N/q70sw=">AAACQ3icbVDLSsNAFJ3UV62vVpdugkVwISWpgi6Lbly2YB/QhjKZ3LRDJzNhZiKU0C9wq5/kR/gN7sSt4KQNaFsvDBzOOXfuvcePGVXacd6twsbm1vZOcbe0t39weFSuHHeUSCSBNhFMyJ6PFTDKoa2pZtCLJeDIZ9D1J/eZ3n0Cqajgj3oagxfhEachJVgbqsWH5apTc+ZlrwM3B1WUV3NYsS4HgSBJBFwThpXqu06svRRLTQmDWWmQKIgxmeAR9A3kOALlpfNNZ/a5YQI7FNI8ru05+7cjxZFS08g3zgjrsVrVMvI/rZ/o8NZLKY8TDZwsBoUJs7Wws7PtgEogmk0NwERSs6tNxlhiok04y1PYSBjDOFo+hQvggZepsYLEJCCClWOzxjp4vx/UjcHk666muQ469Zp7Vau3rquNuzzpIjpFZ+gCuegGNdADaqI2IgjQM3pBr9ab9WF9Wl8La8HKe07QUlnfP70NscA=</latexit>

(n+ 1)th
<latexit sha1_base64="soV7L2Y58uonITJhhSeTwccDoWA=">AAACSXicbVDLSgMxFM20Pmp9tbp0M1iEilJmqqDLohuXFewD2qFkMnc6oZlkSDJCKf0It/pJfoGf4U5cmWkL2tYLgcM55+bee/yEUaUd58PK5Tc2t7YLO8Xdvf2Dw1L5qK1EKgm0iGBCdn2sgFEOLU01g24iAcc+g44/us/0zjNIRQV/0uMEvBgPOQ0pwdpQnSq/cM91NChVnJozK3sduAtQQYtqDsrWZT8QJI2Ba8KwUj3XSbQ3wVJTwmBa7KcKEkxGeAg9AzmOQXmT2b5T+8wwgR0KaR7X9oz92zHBsVLj2DfOGOtIrWoZ+Z/WS3V4600oT1INnMwHhSmztbCz4+2ASiCajQ3ARFKzq00iLDHRJqLlKWwojCGKl0/hAnjgZWqiIDUJiGDl2KyxDt7vB3VjMPm6q2mug3a95l7V6o/XlcbdIukCOkGnqIpcdIMa6AE1UQsRNEIv6BW9We/Wp/Vlfc+tOWvRc4yWKpf/AYBVsoY=</latexit>



A More General Approach: Time-Varying Alpha
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More Challenges

University of California, Berkeley

• We want to keep going for an arbitrary amount of time, so we 
need                     , and                    for any fixed

• An example:   
• But now we have less and less power to make discoveries 

over time, and eventually we may as well quit
• Is there any way out of this dilemma?

T
<latexit sha1_base64="/gB8yujX3LXeeCX9/oPnpsBAmb0="></latexit>

P1
t=1 ↵t = 1

<latexit sha1_base64="+7rm93r3R5upQdpNKaSJZl/5aYs="></latexit>

PT
t=1 ↵t < 1

<latexit sha1_base64="A7hrbwBNEPo3uFHGLHRHrQfaJ+8="></latexit>

↵t = 2�t
<latexit sha1_base64="1BklpRvPrVx4RzsLCHSyjw26vAw="></latexit>



A Glimmer of Hope

University of California, Berkeley

• Recall that the FDP is a ratio of two counts
• We can make a ratio small in one of two ways:

– make the numerator small
– make the denominator big



A Glimmer of Hope

University of California, Berkeley

• Recall that the FDP is a ratio of two counts
• We can make a ratio small in one of two ways:

– make the numerator small
– make the denominator big

• The numerator has the false-positive rate in it, and so we’re 
back to the same problem of controlling sums of      values ↵i

<latexit sha1_base64="ICHJ1RTwvz0g91/MjAa8JiUZclM="></latexit>



A Glimmer of Hope

University of California, Berkeley

• Recall that the FDP is a ratio of two counts
• We can make a ratio small in one of two ways:

– make the numerator small
– make the denominator big

• The numerator has the false-positive rate in it, and so in 
terms of controlling the numerator we’re back to the same 
problem of controlling sums of      values 

• The denominator can be made large by making lots of 
discoveries

↵i
<latexit sha1_base64="ICHJ1RTwvz0g91/MjAa8JiUZclM="></latexit>



A Glimmer of Hope

University of California, Berkeley

• Recall that the FDP is a ratio of two counts
• We can make a ratio small in one of two ways:

– make the numerator small
– make the denominator big

• The numerator has the false-positive rate in it, and so in 
terms of controlling the numerator we’re back to the same 
problem of controlling sums of      values 

• The denominator can be made large by making lots of 
discoveries

• Perhaps we can earn a bit of alpha whenever we make a 
discovery, to be invested and used for false discoveries later

↵i
<latexit sha1_base64="ICHJ1RTwvz0g91/MjAa8JiUZclM="></latexit>



Online FDR Control : High-Level Picture
Error budget 
for first test



Error budget 
for first test

Error budget for 
second test

Online FDR Control : High-Level Picture
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Error budget 
for first test

Error budget for 
second test

Tests use wealth

Discoveries 
earn wealth

Online FDR Control : High-Level Picture



Error budget 
for first test

Error budget for 
second test

Tests use wealth

Discoveries 
earn wealth

Error budget
is data-dependent

Infinite process

Online FDR Control : High-Level Picture



Online FDR Algorithms
• The first online FDR algorithm was known as “alpha 

investing” and is due to Foster and Stine (2008)
• A more recent (and simpler) online FDR algorithm is due 

to Javanmard and Montanari, and is called “LORD”
• The basic idea is to renew the alpha wealth every time a 

discovery (i.e., rejection) is made, and decay that wealth 
forward in time

• The current wealth is the sum of all of the decayed values 
of the past wealth increments



Algorithm 1 The LORD Procedure

input: FDR level ↵, non-increasing sequence {�t}1t=1 such that
P1

t=1 �t = 1,

initial wealth W0  ↵
Set ↵1 = �1W0

for t = 1, 2, . . . do
p-value Pt arrives

if Pt  ↵t, reject Pt

↵t+1 = �t+1W0 + �t+1�⌧1(↵�W0)1{⌧1 < t}+ ↵
P1

j=1 �t+1�⌧j1{⌧j < t},

where ⌧j is time of j-th rejection ⌧j = min{k :
Pk

l=1 1{Pl  ↵l} = j}
end

<latexit sha1_base64="wC1PLjEpYYrrmqqlpeOpSpnjjVk="></latexit>



A Stripped-Down Version of LORD
• Only consider the most recent rejection
• This renews the wealth, which further decays
• Why does such an approach provide control over the FDR?

t
<latexit sha1_base64="btWuKJH9/rrCxCKL5tGKBdwWU5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ipp16reRbXWvKzUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4XeM/A==</latexit>



A Stripped-Down Version of LORD
• Only consider the most recent rejection
• This renews the wealth, which further decays
• Why does such an approach provide control over the FDR?

• Return to the Bayesian perspective, and consider the 
following estimate (an upper bound) of the FDP:

• The denominator is just the number of rejections until time   , 
and the numerator is an upper bound on the probability of 
one or more false-positive errors

[FDP(t) :=

Pt
i=1 ↵iPt

i=1 1{Pi  ↵i}
<latexit sha1_base64="fPmMzC+/05kHndxBxfD5KPWyhHg="></latexit>

t
<latexit sha1_base64="btWuKJH9/rrCxCKL5tGKBdwWU5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ipp16reRbXWvKzUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4XeM/A==</latexit>



Analysis
• Break up the sum                into “episodes” between the 

rejections

Pt
i=1 ↵i

<latexit sha1_base64="lwrXp43lBanTTGFvHLpBs4YSQEo=">AAAB/nicbVDLSsNAFJ34rPEVFVduBkvBVUnqQjdC0Y3LCvYBTQyT6aQdOjMJMxOhhII/4sKNC0Xc+h1u1A9x7/Sx0NYDFw7n3Mu990Qpo0q77pe1sLi0vLJaWLPXNza3tp2d3YZKMolJHScska0IKcKoIHVNNSOtVBLEI0aaUf9i5DdviVQ0Edd6kJKAo66gMcVIGyl09n2V8TCnZ97wRkMfsbSHQho6RbfsjgHniTclxWrp+/Pj3u7WQufd7yQ440RozJBSbc9NdZAjqSlmZGj7mSIpwn3UJW1DBeJEBfn4/CEsGaUD40SaEhqO1d8TOeJKDXhkOjnSPTXrjcT/vHam49MgpyLNNBF4sijOGNQJHGUBO1QSrNnAEIQlNbdC3EMSYW0Ss00I3uzL86RRKXvH5cqVV6yegwkK4AAcgiPggRNQBZegBuoAgxw8gCfwbN1Zj9aL9TppXbCmM3vgD6y3H3fimZA=</latexit>



Analysis
• Break up the sum                into “episodes” between the 

rejections
• In each episode, the sum is upper bounded by                        , 

by the definition of (simplified) LORD, where    is the episode 
length and    is the time of the most recent rejection

Pt
i=1 ↵i

<latexit sha1_base64="lwrXp43lBanTTGFvHLpBs4YSQEo=">AAAB/nicbVDLSsNAFJ34rPEVFVduBkvBVUnqQjdC0Y3LCvYBTQyT6aQdOjMJMxOhhII/4sKNC0Xc+h1u1A9x7/Sx0NYDFw7n3Mu990Qpo0q77pe1sLi0vLJaWLPXNza3tp2d3YZKMolJHScska0IKcKoIHVNNSOtVBLEI0aaUf9i5DdviVQ0Edd6kJKAo66gMcVIGyl09n2V8TCnZ97wRkMfsbSHQho6RbfsjgHniTclxWrp+/Pj3u7WQufd7yQ440RozJBSbc9NdZAjqSlmZGj7mSIpwn3UJW1DBeJEBfn4/CEsGaUD40SaEhqO1d8TOeJKDXhkOjnSPTXrjcT/vHam49MgpyLNNBF4sijOGNQJHGUBO1QSrNnAEIQlNbdC3EMSYW0Ss00I3uzL86RRKXvH5cqVV6yegwkK4AAcgiPggRNQBZegBuoAgxw8gCfwbN1Zj9aL9TppXbCmM3vgD6y3H3fimZA=</latexit>

↵
Pt0

i=1 �i+1�⌧
<latexit sha1_base64="Zp6dCHZ7qn1O7Zlx/mW+ikZYegg="></latexit>

t0
<latexit sha1_base64="QQfJzaboh+WjgYAzUr0HrZuQkiQ=">AAAB8XicbZDLSgMxFIYzXut4q7p0EyyCqzJTF7oRi25cVrAXbMeSSTNtaJIZkjNCGfoWblwooksfxL0b8W1MLwtt/SHw8f/nkHNOmAhuwPO+nYXFpeWV1dyau76xubWd39mtmTjVlFVpLGLdCIlhgitWBQ6CNRLNiAwFq4f9y1Fev2fa8FjdwCBhgSRdxSNOCVjrFu6yVqK5ZMN2vuAVvbHwPPhTKJx/uGfJ25dbaec/W52YppIpoIIY0/S9BIKMaOBUsKHbSg1LCO2TLmtaVEQyE2TjiYf40DodHMXaPgV47P7uyIg0ZiBDWykJ9MxsNjL/y5opRKdBxlWSAlN08lGUCgwxHq2PO1wzCmJggVDN7ayY9ogmFOyRXHsEf3bleaiViv5xsXTtF8oXaKIc2kcH6Aj56ASV0RWqoCqiSKEH9ISeHeM8Oi/O66R0wZn27KE/ct5/AGbJlGM=</latexit>

⌧
<latexit sha1_base64="QjgZ/vzGFJQ/CILmoemfegd33OM=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCqzJTF7oRi25cVrAXaIeSSTNtaJIZkjNCGfoKblwo4k58FvduxLcx03ahrT8EPv7/HHLOCRPBDXjet7O0vLK6tl7YcDe3tnd2i3v7DROnmrI6jUWsWyExTHDF6sBBsFaiGZGhYM1weJ3nzXumDY/VHYwSFkjSVzzilEBudYCk3WLJK3sT4UXwZ1C6/HAvkrcvt9YtfnZ6MU0lU0AFMabtewkEGdHAqWBjt5MalhA6JH3WtqiIZCbIJrOO8bF1ejiKtX0K8MT93ZERacxIhrZSEhiY+Sw3/8vaKUTnQcZVkgJTdPpRlAoMMc4Xxz2uGQUxskCo5nZWTAdEEwr2PK49gj+/8iI0KmX/tFy59UvVKzRVAR2iI3SCfHSGqugG1VAdUTRAD+gJPTvSeXRenNdp6ZIz6zlAf+S8/wCCUpGK</latexit>



Analysis
• Break up the sum                into “episodes” between the 

rejections
• In each episode, the sum is upper bounded by                        , 

by the definition of (simplified) LORD, where    is the episode 
length and    is the time of the most recent rejection

• This sum is less than    by the definition of the        sequence

Pt
i=1 ↵i

<latexit sha1_base64="lwrXp43lBanTTGFvHLpBs4YSQEo=">AAAB/nicbVDLSsNAFJ34rPEVFVduBkvBVUnqQjdC0Y3LCvYBTQyT6aQdOjMJMxOhhII/4sKNC0Xc+h1u1A9x7/Sx0NYDFw7n3Mu990Qpo0q77pe1sLi0vLJaWLPXNza3tp2d3YZKMolJHScska0IKcKoIHVNNSOtVBLEI0aaUf9i5DdviVQ0Edd6kJKAo66gMcVIGyl09n2V8TCnZ97wRkMfsbSHQho6RbfsjgHniTclxWrp+/Pj3u7WQufd7yQ440RozJBSbc9NdZAjqSlmZGj7mSIpwn3UJW1DBeJEBfn4/CEsGaUD40SaEhqO1d8TOeJKDXhkOjnSPTXrjcT/vHam49MgpyLNNBF4sijOGNQJHGUBO1QSrNnAEIQlNbdC3EMSYW0Ss00I3uzL86RRKXvH5cqVV6yegwkK4AAcgiPggRNQBZegBuoAgxw8gCfwbN1Zj9aL9TppXbCmM3vgD6y3H3fimZA=</latexit>

↵
Pt0

i=1 �i+1�⌧
<latexit sha1_base64="Zp6dCHZ7qn1O7Zlx/mW+ikZYegg="></latexit>

t0
<latexit sha1_base64="QQfJzaboh+WjgYAzUr0HrZuQkiQ=">AAAB8XicbZDLSgMxFIYzXut4q7p0EyyCqzJTF7oRi25cVrAXbMeSSTNtaJIZkjNCGfoWblwooksfxL0b8W1MLwtt/SHw8f/nkHNOmAhuwPO+nYXFpeWV1dyau76xubWd39mtmTjVlFVpLGLdCIlhgitWBQ6CNRLNiAwFq4f9y1Fev2fa8FjdwCBhgSRdxSNOCVjrFu6yVqK5ZMN2vuAVvbHwPPhTKJx/uGfJ25dbaec/W52YppIpoIIY0/S9BIKMaOBUsKHbSg1LCO2TLmtaVEQyE2TjiYf40DodHMXaPgV47P7uyIg0ZiBDWykJ9MxsNjL/y5opRKdBxlWSAlN08lGUCgwxHq2PO1wzCmJggVDN7ayY9ogmFOyRXHsEf3bleaiViv5xsXTtF8oXaKIc2kcH6Aj56ASV0RWqoCqiSKEH9ISeHeM8Oi/O66R0wZn27KE/ct5/AGbJlGM=</latexit>

⌧
<latexit sha1_base64="QjgZ/vzGFJQ/CILmoemfegd33OM=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCqzJTF7oRi25cVrAXaIeSSTNtaJIZkjNCGfoKblwo4k58FvduxLcx03ahrT8EPv7/HHLOCRPBDXjet7O0vLK6tl7YcDe3tnd2i3v7DROnmrI6jUWsWyExTHDF6sBBsFaiGZGhYM1weJ3nzXumDY/VHYwSFkjSVzzilEBudYCk3WLJK3sT4UXwZ1C6/HAvkrcvt9YtfnZ6MU0lU0AFMabtewkEGdHAqWBjt5MalhA6JH3WtqiIZCbIJrOO8bF1ejiKtX0K8MT93ZERacxIhrZSEhiY+Sw3/8vaKUTnQcZVkgJTdPpRlAoMMc4Xxz2uGQUxskCo5nZWTAdEEwr2PK49gj+/8iI0KmX/tFy59UvVKzRVAR2iI3SCfHSGqugG1VAdUTRAD+gJPTvSeXRenNdp6ZIz6zlAf+S8/wCCUpGK</latexit>

↵
<latexit sha1_base64="kgwprm32kIdV6MIQimReE6amqDE=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWIQrMJuLLQRgzaWEcwFkiWcncwmY2ZnhplZISx5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOZFkVBvf/3ZyS8srq2v5dXdjc2t7p7C7V9ciVZjUsGBCNSPQhFFOaoYaRppSEUgiRhrR4GqcN+6J0lTwWzOUJEygx2lMMRhr1dvAZB86haJf8ifyFiGYQfHiwz2Xb19utVP4bHcFThPCDWagdSvwpQkzUIZiRkZuO9VEAh5Aj7QsckiIDrPJtCPvyDpdLxbKPm68ifu7I4NE62ES2coETF/PZ2Pzv6yVmvgszCiXqSEcTz+KU+YZ4Y1X97pUEWzY0AJgRe2sHu6DAmzsgVx7hGB+5UWol0vBSal8ExQrl2iqPDpAh+gYBegUVdA1qqIawugOPaAn9OwI59F5cV6npTln1rOP/sh5/wHsppJa</latexit>

{�i}
<latexit sha1_base64="VzbsA9UgJ7/vo9NevjIiBRqSdOY=">AAAB83icbVDLSgNBEOyNrxhfUY9ehgRBEMJuPOhx0YvHCOYB2SXMTibJkJnZZWZWWJb8hXjxoIhXf8Zb/sbJ46CJBQ1FVTfdXVHCmTauO3UKG5tb2zvF3dLe/sHhUfn4pKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6b+e0nqjSL5aPJEhoKPJRswAg2VgqCPBhiIXCPBZNeuerW3DnQOvGWpOpXgsvnqZ81euXvoB+TVFBpCMdadz03MWGOlWGE00kpSDVNMBnjIe1aKrGgOsznN0/QuVX6aBArW9Kgufp7IsdC60xEtlNgM9Kr3kz8z+umZnAT5kwmqaGSLBYNUo5MjGYBoD5TlBieWYKJYvZWREZYYWJsTCUbgrf68jpp1WveVa3+4FX9W1igCGdQgQvw4Bp8uIcGNIFAAi/wBu9O6rw6H87norXgLGdO4Q+crx9TmJTZ</latexit>



Analysis
• Break up the sum                into “episodes” between the 

rejections
• In each episode, the sum is upper bounded by                        , 

by the definition of (simplified) LORD, where    is the episode 
length and    is the time of the most recent rejection

• This sum is less than    by the definition of the        sequence
• The number of episodes is:      

Pt
i=1 ↵i

<latexit sha1_base64="lwrXp43lBanTTGFvHLpBs4YSQEo=">AAAB/nicbVDLSsNAFJ34rPEVFVduBkvBVUnqQjdC0Y3LCvYBTQyT6aQdOjMJMxOhhII/4sKNC0Xc+h1u1A9x7/Sx0NYDFw7n3Mu990Qpo0q77pe1sLi0vLJaWLPXNza3tp2d3YZKMolJHScska0IKcKoIHVNNSOtVBLEI0aaUf9i5DdviVQ0Edd6kJKAo66gMcVIGyl09n2V8TCnZ97wRkMfsbSHQho6RbfsjgHniTclxWrp+/Pj3u7WQufd7yQ440RozJBSbc9NdZAjqSlmZGj7mSIpwn3UJW1DBeJEBfn4/CEsGaUD40SaEhqO1d8TOeJKDXhkOjnSPTXrjcT/vHam49MgpyLNNBF4sijOGNQJHGUBO1QSrNnAEIQlNbdC3EMSYW0Ss00I3uzL86RRKXvH5cqVV6yegwkK4AAcgiPggRNQBZegBuoAgxw8gCfwbN1Zj9aL9TppXbCmM3vgD6y3H3fimZA=</latexit>

↵
Pt0

i=1 �i+1�⌧
<latexit sha1_base64="Zp6dCHZ7qn1O7Zlx/mW+ikZYegg="></latexit>

t0
<latexit sha1_base64="QQfJzaboh+WjgYAzUr0HrZuQkiQ=">AAAB8XicbZDLSgMxFIYzXut4q7p0EyyCqzJTF7oRi25cVrAXbMeSSTNtaJIZkjNCGfoWblwooksfxL0b8W1MLwtt/SHw8f/nkHNOmAhuwPO+nYXFpeWV1dyau76xubWd39mtmTjVlFVpLGLdCIlhgitWBQ6CNRLNiAwFq4f9y1Fev2fa8FjdwCBhgSRdxSNOCVjrFu6yVqK5ZMN2vuAVvbHwPPhTKJx/uGfJ25dbaec/W52YppIpoIIY0/S9BIKMaOBUsKHbSg1LCO2TLmtaVEQyE2TjiYf40DodHMXaPgV47P7uyIg0ZiBDWykJ9MxsNjL/y5opRKdBxlWSAlN08lGUCgwxHq2PO1wzCmJggVDN7ayY9ogmFOyRXHsEf3bleaiViv5xsXTtF8oXaKIc2kcH6Aj56ASV0RWqoCqiSKEH9ISeHeM8Oi/O66R0wZn27KE/ct5/AGbJlGM=</latexit>

⌧
<latexit sha1_base64="QjgZ/vzGFJQ/CILmoemfegd33OM=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCqzJTF7oRi25cVrAXaIeSSTNtaJIZkjNCGfoKblwo4k58FvduxLcx03ahrT8EPv7/HHLOCRPBDXjet7O0vLK6tl7YcDe3tnd2i3v7DROnmrI6jUWsWyExTHDF6sBBsFaiGZGhYM1weJ3nzXumDY/VHYwSFkjSVzzilEBudYCk3WLJK3sT4UXwZ1C6/HAvkrcvt9YtfnZ6MU0lU0AFMabtewkEGdHAqWBjt5MalhA6JH3WtqiIZCbIJrOO8bF1ejiKtX0K8MT93ZERacxIhrZSEhiY+Sw3/8vaKUTnQcZVkgJTdPpRlAoMMc4Xxz2uGQUxskCo5nZWTAdEEwr2PK49gj+/8iI0KmX/tFy59UvVKzRVAR2iI3SCfHSGqugG1VAdUTRAD+gJPTvSeXRenNdp6ZIz6zlAf+S8/wCCUpGK</latexit>

↵
<latexit sha1_base64="kgwprm32kIdV6MIQimReE6amqDE=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWIQrMJuLLQRgzaWEcwFkiWcncwmY2ZnhplZISx5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOZFkVBvf/3ZyS8srq2v5dXdjc2t7p7C7V9ciVZjUsGBCNSPQhFFOaoYaRppSEUgiRhrR4GqcN+6J0lTwWzOUJEygx2lMMRhr1dvAZB86haJf8ifyFiGYQfHiwz2Xb19utVP4bHcFThPCDWagdSvwpQkzUIZiRkZuO9VEAh5Aj7QsckiIDrPJtCPvyDpdLxbKPm68ifu7I4NE62ES2coETF/PZ2Pzv6yVmvgszCiXqSEcTz+KU+YZ4Y1X97pUEWzY0AJgRe2sHu6DAmzsgVx7hGB+5UWol0vBSal8ExQrl2iqPDpAh+gYBegUVdA1qqIawugOPaAn9OwI59F5cV6npTln1rOP/sh5/wHsppJa</latexit>

{�i}
<latexit sha1_base64="VzbsA9UgJ7/vo9NevjIiBRqSdOY=">AAAB83icbVDLSgNBEOyNrxhfUY9ehgRBEMJuPOhx0YvHCOYB2SXMTibJkJnZZWZWWJb8hXjxoIhXf8Zb/sbJ46CJBQ1FVTfdXVHCmTauO3UKG5tb2zvF3dLe/sHhUfn4pKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6b+e0nqjSL5aPJEhoKPJRswAg2VgqCPBhiIXCPBZNeuerW3DnQOvGWpOpXgsvnqZ81euXvoB+TVFBpCMdadz03MWGOlWGE00kpSDVNMBnjIe1aKrGgOsznN0/QuVX6aBArW9Kgufp7IsdC60xEtlNgM9Kr3kz8z+umZnAT5kwmqaGSLBYNUo5MjGYBoD5TlBieWYKJYvZWREZYYWJsTCUbgrf68jpp1WveVa3+4FX9W1igCGdQgQvw4Bp8uIcGNIFAAi/wBu9O6rw6H87norXgLGdO4Q+crx9TmJTZ</latexit>Pt

i=1 1{Pi  ↵i}
<latexit sha1_base64="GV3nyZYU8voR87SAggUxAA6z8W0=">AAACDHicbVC7TsMwFHXKq4RXgZHFoqrEVMVlgAWpgoWxSPQhNSFyXKe1aifBdpCqqB/Awh/wDSwMIMTKB7AAH8KO+xig5UiWjs45V9f3BAlnSjvOl5VbWFxaXsmv2mvrG5tbhe2dhopTSWidxDyWrQAryllE65ppTluJpFgEnDaD/tnIb95QqVgcXepBQj2BuxELGcHaSH6h6KpU+Bk7QcMrDZGb1XwGXU6voYt50sM+c4cm5ZSdMeA8QVNSrJa+Pz/u7W7NL7y7nZikgkaacKxUGzmJ9jIsNSOcDm03VTTBpI+7tG1ohAVVXjY+ZghLRunAMJbmRRqO1d8TGRZKDURgkgLrnpr1RuJ/XjvV4bGXsShJNY3IZFGYcqhjOGoGdpikRPOBIZhIZv4KSQ9LTLTpzzYloNmT50mjUkaH5coFKlZPwQR5sAf2wQFA4AhUwTmogTog4BY8gCfwbN1Zj9aL9TqJ5qzpzC74A+vtB1+SnvM=</latexit>



Analysis
• Break up the sum                into “episodes” between the 

rejections
• In each episode, the sum is upper bounded by                        , 

by the definition of (simplified) LORD, where    is the episode 
length and    is the time of the most recent rejection

• This sum is less than    by the definition of the        sequence
• The number of episodes is:      
• And so we conclude:

[FDP(t) :=

Pt
i=1 ↵iPt

i=1 1{Pi  ↵i}
<latexit sha1_base64="fPmMzC+/05kHndxBxfD5KPWyhHg="></latexit>

Pt
i=1 ↵i

<latexit sha1_base64="lwrXp43lBanTTGFvHLpBs4YSQEo=">AAAB/nicbVDLSsNAFJ34rPEVFVduBkvBVUnqQjdC0Y3LCvYBTQyT6aQdOjMJMxOhhII/4sKNC0Xc+h1u1A9x7/Sx0NYDFw7n3Mu990Qpo0q77pe1sLi0vLJaWLPXNza3tp2d3YZKMolJHScska0IKcKoIHVNNSOtVBLEI0aaUf9i5DdviVQ0Edd6kJKAo66gMcVIGyl09n2V8TCnZ97wRkMfsbSHQho6RbfsjgHniTclxWrp+/Pj3u7WQufd7yQ440RozJBSbc9NdZAjqSlmZGj7mSIpwn3UJW1DBeJEBfn4/CEsGaUD40SaEhqO1d8TOeJKDXhkOjnSPTXrjcT/vHam49MgpyLNNBF4sijOGNQJHGUBO1QSrNnAEIQlNbdC3EMSYW0Ss00I3uzL86RRKXvH5cqVV6yegwkK4AAcgiPggRNQBZegBuoAgxw8gCfwbN1Zj9aL9TppXbCmM3vgD6y3H3fimZA=</latexit>

↵
Pt0

i=1 �i+1�⌧
<latexit sha1_base64="Zp6dCHZ7qn1O7Zlx/mW+ikZYegg="></latexit>

t0
<latexit sha1_base64="QQfJzaboh+WjgYAzUr0HrZuQkiQ=">AAAB8XicbZDLSgMxFIYzXut4q7p0EyyCqzJTF7oRi25cVrAXbMeSSTNtaJIZkjNCGfoWblwooksfxL0b8W1MLwtt/SHw8f/nkHNOmAhuwPO+nYXFpeWV1dyau76xubWd39mtmTjVlFVpLGLdCIlhgitWBQ6CNRLNiAwFq4f9y1Fev2fa8FjdwCBhgSRdxSNOCVjrFu6yVqK5ZMN2vuAVvbHwPPhTKJx/uGfJ25dbaec/W52YppIpoIIY0/S9BIKMaOBUsKHbSg1LCO2TLmtaVEQyE2TjiYf40DodHMXaPgV47P7uyIg0ZiBDWykJ9MxsNjL/y5opRKdBxlWSAlN08lGUCgwxHq2PO1wzCmJggVDN7ayY9ogmFOyRXHsEf3bleaiViv5xsXTtF8oXaKIc2kcH6Aj56ASV0RWqoCqiSKEH9ISeHeM8Oi/O66R0wZn27KE/ct5/AGbJlGM=</latexit>

⌧
<latexit sha1_base64="QjgZ/vzGFJQ/CILmoemfegd33OM=">AAAB63icbZDLSgMxFIYzXut4q7p0EyyCqzJTF7oRi25cVrAXaIeSSTNtaJIZkjNCGfoKblwo4k58FvduxLcx03ahrT8EPv7/HHLOCRPBDXjet7O0vLK6tl7YcDe3tnd2i3v7DROnmrI6jUWsWyExTHDF6sBBsFaiGZGhYM1weJ3nzXumDY/VHYwSFkjSVzzilEBudYCk3WLJK3sT4UXwZ1C6/HAvkrcvt9YtfnZ6MU0lU0AFMabtewkEGdHAqWBjt5MalhA6JH3WtqiIZCbIJrOO8bF1ejiKtX0K8MT93ZERacxIhrZSEhiY+Sw3/8vaKUTnQcZVkgJTdPpRlAoMMc4Xxz2uGQUxskCo5nZWTAdEEwr2PK49gj+/8iI0KmX/tFy59UvVKzRVAR2iI3SCfHSGqugG1VAdUTRAD+gJPTvSeXRenNdp6ZIz6zlAf+S8/wCCUpGK</latexit>

↵
<latexit sha1_base64="kgwprm32kIdV6MIQimReE6amqDE=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWIQrMJuLLQRgzaWEcwFkiWcncwmY2ZnhplZISx5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOZFkVBvf/3ZyS8srq2v5dXdjc2t7p7C7V9ciVZjUsGBCNSPQhFFOaoYaRppSEUgiRhrR4GqcN+6J0lTwWzOUJEygx2lMMRhr1dvAZB86haJf8ifyFiGYQfHiwz2Xb19utVP4bHcFThPCDWagdSvwpQkzUIZiRkZuO9VEAh5Aj7QsckiIDrPJtCPvyDpdLxbKPm68ifu7I4NE62ES2coETF/PZ2Pzv6yVmvgszCiXqSEcTz+KU+YZ4Y1X97pUEWzY0AJgRe2sHu6DAmzsgVx7hGB+5UWol0vBSal8ExQrl2iqPDpAh+gYBegUVdA1qqIawugOPaAn9OwI59F5cV6npTln1rOP/sh5/wHsppJa</latexit>

{�i}
<latexit sha1_base64="VzbsA9UgJ7/vo9NevjIiBRqSdOY=">AAAB83icbVDLSgNBEOyNrxhfUY9ehgRBEMJuPOhx0YvHCOYB2SXMTibJkJnZZWZWWJb8hXjxoIhXf8Zb/sbJ46CJBQ1FVTfdXVHCmTauO3UKG5tb2zvF3dLe/sHhUfn4pKXjVBHaJDGPVSfCmnImadMww2knURSLiNN2NL6b+e0nqjSL5aPJEhoKPJRswAg2VgqCPBhiIXCPBZNeuerW3DnQOvGWpOpXgsvnqZ81euXvoB+TVFBpCMdadz03MWGOlWGE00kpSDVNMBnjIe1aKrGgOsznN0/QuVX6aBArW9Kgufp7IsdC60xEtlNgM9Kr3kz8z+umZnAT5kwmqaGSLBYNUo5MjGYBoD5TlBieWYKJYvZWREZYYWJsTCUbgrf68jpp1WveVa3+4FX9W1igCGdQgQvw4Bp8uIcGNIFAAi/wBu9O6rw6H87norXgLGdO4Q+crx9TmJTZ</latexit>Pt

i=1 1{Pi  ↵i}
<latexit sha1_base64="GV3nyZYU8voR87SAggUxAA6z8W0=">AAACDHicbVC7TsMwFHXKq4RXgZHFoqrEVMVlgAWpgoWxSPQhNSFyXKe1aifBdpCqqB/Awh/wDSwMIMTKB7AAH8KO+xig5UiWjs45V9f3BAlnSjvOl5VbWFxaXsmv2mvrG5tbhe2dhopTSWidxDyWrQAryllE65ppTluJpFgEnDaD/tnIb95QqVgcXepBQj2BuxELGcHaSH6h6KpU+Bk7QcMrDZGb1XwGXU6voYt50sM+c4cm5ZSdMeA8QVNSrJa+Pz/u7W7NL7y7nZikgkaacKxUGzmJ9jIsNSOcDm03VTTBpI+7tG1ohAVVXjY+ZghLRunAMJbmRRqO1d8TGRZKDURgkgLrnpr1RuJ/XjvV4bGXsShJNY3IZFGYcqhjOGoGdpikRPOBIZhIZv4KSQ9LTLTpzzYloNmT50mjUkaH5coFKlZPwQR5sAf2wQFA4AhUwTmogTog4BY8gCfwbN1Zj9aL9TqJ5qzpzC74A+vtB1+SnvM=</latexit>

 ↵
<latexit sha1_base64="I4dWop8fl9Yj+iLISebrxrk/qQA=">AAAB83icbVC7SgNBFJ2Nrxhf8dHZDAbBKuzGQsugjYVFBPOA3SXMTu4mQ2Znx5lZISz5DRsLRWz9CT/Bzr9x8ig08cCFwzn3cu89keRMG9f9dgorq2vrG8XN0tb2zu5eef+gpdNMUWjSlKeqExENnAloGmY4dKQCkkQc2tHweuK3H0Fplop7M5IQJqQvWMwoMVYKcMDhAQeEywHplitu1Z0CLxNvTir1o9vPhir6jW75K+ilNEtAGMqJ1r7nShPmRBlGOYxLQaZBEjokffAtFSQBHebTm8f41Co9HKfKljB4qv6eyEmi9SiJbGdCzEAvehPxP8/PTHwZ5kzIzICgs0VxxrFJ8SQA3GMKqOEjSwhVzN6K6YAoQo2NqWRD8BZfXiatWtU7r9buvEr9Cs1QRMfoBJ0hD12gOrpBDdREFEn0hF7Qq5M5z86b8z5rLTjzmUP0B87HD7Sgk7o=</latexit>



• We can write the FDR in the following nice form:

And Now We Connect to the FDR

FDR = E
"P

it,i null 1{Pi  ↵i}P
it 1{Pi  ↵i}

#

<latexit sha1_base64="IoZ7LpgohwWiZV2Rct3u3ir2aNY="></latexit>



• We can write the FDR in the following nice form:

• To simplify our derivation, we will make an approximation (the “modified 
FDR’’):

And Now We Connect to the FDR

FDR = E
"P

it,i null 1{Pi  ↵i}P
it 1{Pi  ↵i}

#

<latexit sha1_base64="IoZ7LpgohwWiZV2Rct3u3ir2aNY="></latexit>



• We make the mFDR approximation:

And We Obtain an Actual Proof



• We make the mFDR approximation:

and then compute:

where the last line uses:

And We Obtain an Actual Proof



• We make the mFDR approximation:

and then compute:

where the last line uses:

• This establishes: 

And We Obtain an Actual Proof


