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Basics of Decision Making

• We’ll start by considering the most simple of decision-
making formulations

• Let’s suppose that Reality is in one of two states, which 
we denote as 0 or 1

• We don’t observe this state, but we do obtain Data that is 
drawn from a distribution that depends on whether the 
state is 0 or 1

• We make a Decision based on the Data, which we 
denote as 0 or 1

• We can think of the Decision as our best guess as to the 
state of Reality or, more generally, as an action we think 
is best given our guess of the state of Reality

University of California, Berkeley



The Basic Two-by-Two Table

University of California, Berkeley

TN FP

FN TP

Decision

R
ea

lit
y

0

0
1

1
TN = True Negative

FP = False Positive

FN = False Negative

FP = True Positive



TN FP

FN TP

The Basic Two-by-Two Table

University of California, Berkeley

Decision

R
ea

lit
y

0

0
1

1
TN = True Negative

FP = False Positive

FN = False Negative

FP = True Positive



TN FP

FN TP

The Basic Two-by-Two Table

University of California, Berkeley

Decision

R
ea

lit
y

0

0
1

1
TN = True Negative

FP = False Positive

FN = False Negative

FP = True Positive

Rough goal:  lots of green outcomes, few red outcomes!



Towards a Statistical Framework

• Let’s now imagine that we not only make a decision, 
but we build a decision-making algorithm

• We want to evaluate the algorithm not just on one 
problem, but on a set of related problems

• Concretely, we may have a collection of hypothesis-
testing problems, where we repeatedly decide whether 
to accept the null or accept the alternative

• Or we may have a set of classification decisions, where 
we repeatedly classify data points into one of two 
classes
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<latexit sha1_base64="1N5ghfdDes8WWnkg8W+l3u9ItcE=">AAACEXicbZDLSsNAFIYnXmu9RV26GWyFglAydaEboejGlVSwF2hDmEwn7dDJJMxMhBLyCm58FTcuFHHrzp1vY5JG0NYfBj7+cw5nzu+GnCltWV/G0vLK6tp6aaO8ubW9s2vu7XdUEElC2yTggey5WFHOBG1rpjnthZJi3+W0606usnr3nkrFAnGnpyG1fTwSzGME69RyzFr1Bl5A4cSWlcCTHFAB6MdBKKmWHbNi1a1ccBFQARVQqOWYn4NhQCKfCk04VqqPrFDbMZaaEU6T8iBSNMRkgke0n6LAPlV2nF+UwOPUGUIvkOkTGubu74kY+0pNfTft9LEeq/laZv5X60faO7djJsJIU0Fmi7yIQx3ALB44ZJISzacpYCJZ+ldIxlhiotMQsxDQ/MmL0GnU0Wm9cduoNC+LOErgEByBGkDgDDTBNWiBNiDgATyBF/BqPBrPxpvxPmtdMoqZA/BHxsc3w3+ZMw==</latexit>



Some Row-Wise Rates
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sensitivity = n11
n10+n11

<latexit sha1_base64="k/8Y/o97oKSJT9xikKA45jkXM/w=">AAACDXicbVDLSsNAFL2pr1pfUZduBltBEEpSF7oRim5cVrAPaEOZTCft0MkkzEyEEvIDbvwVNy4UcevenX/jtM1CWw9c7uGce5m5x485U9pxvq3Cyura+kZxs7S1vbO7Z+8ftFSUSEKbJOKR7PhYUc4EbWqmOe3EkuLQ57Ttj2+mfvuBSsUica8nMfVCPBQsYARrI/XtSgVdoV4gMUlFP3XdLJt1J0NnKBcqpb5ddqrODGiZuDkpQ45G3/7qDSKShFRowrFSXdeJtZdiqRnhNCv1EkVjTMZ4SLuGChxS5aWzazJ0YpQBCiJpSmg0U39vpDhUahL6ZjLEeqQWvan4n9dNdHDppUzEiaaCzB8KEo50hKbRoAGTlGg+MQQTycxfERlhE402AU5DcBdPXiatWtU9r9buauX6dR5HEY7gGE7BhQuowy00oAkEHuEZXuHNerJerHfrYz5asPKdQ/gD6/MHGeKZqw==</latexit> or “recall” or “power”
aka, “true positive rate”
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specificity
or “selectivity”

aka, “true negative rate”= n00
n00+n01
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Comments on the Row-Wise Rates

• They can be thought of as estimates of conditional 
probabilities

– e.g., sensitivity approximates 
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Comments on the Row-Wise Rates

• They can be thought of as estimates of conditional 
probabilities

– e.g., sensitivity approximates 
• As such, they are not dependent on the prevalence

(i.e., the probabilities of the two states of Reality in the 
population)
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The Bayesian Posterior

• The posterior probability of the hypothesis given the data:

where                   is the prior (the “prevalence”)
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P (Reality |Decision) =
P (Decision |Reality)P (Reality)

P (Decision)
<latexit sha1_base64="qGZGRjOxMfqYn43EWzEPDMZf+2M="></latexit>

P (Reality)
<latexit sha1_base64="a8o9OipE80LA1Rw5VHe+IxIQhMw=">AAAB+nicbVDLTgJBEJzFF+Jr0aOXicQEL2QXTfRI9OIRjTwS2JDZYRYmzGMzM6uSlU/x4kFjvPol3vwbB9iDgpV0UqnqTndXGDOqjed9O7mV1bX1jfxmYWt7Z3fPLe43tUwUJg0smVTtEGnCqCANQw0j7VgRxENGWuHoauq37onSVIo7M45JwNFA0IhiZKzUc4v1cpeH8jG9JYhRM56c9NySV/FmgMvEz0gJZKj33K9uX+KEE2EwQ1p3fC82QYqUoZiRSaGbaBIjPEID0rFUIE50kM5On8Bjq/RhJJUtYeBM/T2RIq71mIe2kyMz1IveVPzP6yQmughSKuLEEIHni6KEQSPhNAfYp4pgw8aWIKyovRXiIVIIG5tWwYbgL768TJrVin9aqd6clWqXWRx5cAiOQBn44BzUwDWogwbA4AE8g1fw5jw5L8678zFvzTnZzAH4A+fzBw2Ok94=</latexit>



Back to Hypothesis Testing

• Let’s now consider a column-wise perspective
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Let’s Return to our Column-Wise Rates
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false discovery proportion = n01
n01+n11
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Comments on the Column-Wise Rates

• They can be thought of as estimates of conditional 
probabilities

• They are dependent on the prevalence (i.e., the 
probabilities of the two states of Reality in the 
population), via Bayes’ Theorem

– as such, they are more Bayesian
– this is arguably a good thing

• Notation:  let      denote Reality, and let     denote the 
decision 

University of California, Berkeley
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Bayes’ Theorem

University of California, Berkeley

P (H = 0 |D = 1) =
P (D = 1 |H = 0)P (H = 0)

P (D = 1)
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Bayes’ Theorem

• This relates a row-wise quantity,                                 , 
to a column-wise quantity,

• And shows that the latter depends on the prevalence:

University of California, Berkeley

P (H = 0 |D = 1) =
P (D = 1 |H = 0)P (H = 0)

P (D = 1)
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P (D = 1 |H = 0)
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P (H = 0) = 1� P (H = 1)
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A Bayesian Calculation

University of California, Berkeley

P (H = 0 |D = 1) =
P (D = 1 |H = 0)P (H = 0)

P (D = 1)

=
P (D = 1 |H = 0)⇡0

P (D = 1)

=
P (D = 1 |H = 0)⇡0

P (D = 1 |H = 0)⇡0 + P (D = 1 |H = 1)(1� ⇡0)

=
1

1 + P (D=1 |H=1)
P (D=1 |H=0)

1�⇡0
⇡0

<latexit sha1_base64="b7cgwcNs5QeveAMrQ/Hxy8zxL9c="></latexit>



Some Implications

• We see that the prevalence has a major effect on the 
probability of an error

• Suppose that                                             and

• Then the ratio is 16/1, and if the prevalence was 0.5, 
the probability of an error would be small

• But…. if the prevalence is small, say 1/1000, then the 
factor                  is tiny and it kills the 16/1 

• And so the probability of error goes to one L

University of California, Berkeley

P (D = 1 |H = 1) = 0.8
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(1� ⇡0)/⇡0
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Run 10,000 
different,

independent
A/B tests

9,900 true
nulls

100 non-
nulls

Type I error rate (per test) = 0.05

495 false 
discoveries

80 true 
discoveries

“false discovery
rate” = 495/575

Power (per test) = 0.80



Run 10,000 
different,

independent
A/B tests

9,900 true
nulls

100 non-
nulls

Type I error rate (per test) = 0.05

495 false 
discoveries

80 true 
discoveries

“false discovery
rate” = 495/575

Power (per test) = 0.80

(NB: We’re again not being rigorous at this point; FDR is 
actually an expectation of this proportion.  We’ll do it right 
anon.)



The Goal: Control Errors A Priori

• We’ve introduced concepts such as false-positive 
rates and false-discovery rates as descriptions of 
performance

• We now want to use them as ways to design
algorithms

• We want to give a priori guarantees that a certain 
algorithm will have good performance

University of California, Berkeley



• The row-focused Neyman-Pearson paradigm turns the problem into a 
constrained optimization problem

The Neyman-Pearson Paradigm

University of California, Berkeley



• The row-focused Neyman-Pearson paradigm turns the problem into a 
constrained optimization problem

• The idea is to control the false-positive probability,                              , 
to be less than some target value, say 0.05

• And to maximize the true-positive probability (the power) subject to 
that constraint

The Neyman-Pearson Paradigm

University of California, Berkeley

P (D = 1 |H = 0)
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• The row-focused Neyman-Pearson paradigm turns the problem into a 
constrained optimization problem

• The idea is to control the false-positive probability,                              , 
to be less than some target value, say 0.05

• And to maximize the true-positive probability (the power) subject to 
that constraint

The Neyman-Pearson Paradigm

University of California, Berkeley

P (D = 1 |H = 0)
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P-Values

University of California, Berkeley

• Consider a simple null hypothesis    
• Consider a statistic,          , which has a continuous distribution 

under the null, and let         denote its tail cdf:

• Define the P-value as
• The P-value has a uniform distribution under the null:    

T (X)
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F (t)
<latexit sha1_base64="AGNT2YgfsvmIdvAdtQZ0lWEblrg=">AAACRnicbVDLSgNBEOyN7/hK9OhlMQgRJOyugh5FQTwqmAckS5id7SSDszPLzKwQQn7Bq36Sv+BPeBOvzsaAJrFhoKiqnu6uKOVMG897dwpLyyura+sbxc2t7Z3dUnmvoWWmKNap5FK1IqKRM4F1wwzHVqqQJBHHZvR4nevNJ1SaSfFghimGCekL1mOUmJy6qZrjbqni1bxJuYvAn4IKTOuuW3ZOOrGkWYLCUE60bvteasIRUYZRjuNiJ9OYEvpI+ti2UJAEdTiaLDt2jywTuz2p7BPGnbB/O0Yk0XqYRNaZEDPQ81pO/qe1M9O7CEdMpJlBQX8G9TLuGunml7sxU0gNH1pAqGJ2V5cOiCLU2Hxmp/C+tIZBMnuKkCjiMFdTjZlNQMZzx+aNAYa/HwTWYPP159NcBI2g5p/WgvuzyuXVNOl1OIBDqIIP53AJt3AHdaAwgGd4gVfnzflwPp2vH2vBmfbsw0wV4BtTSbF8</latexit>

P = F (T )
<latexit sha1_base64="cXPsYqKRVIE0EOY55+/FZzWwOXo=">AAACSnicbVDLSgMxFM3UV323unQTLEIFKTOjoBtBFMRlBauFOpRM5k4bmkmGJCOU4k+41U/yB/wNd+LGTDugbb0QOJxzbu69J0w508Z1P5zSwuLS8kp5dW19Y3Nru1LdudcyUxRaVHKp2iHRwJmAlmGGQztVQJKQw0M4uMr1hydQmklxZ4YpBAnpCRYzSoyl2k18jq/rd4fdSs1tuOPC88ArQA0V1exWnaPHSNIsAWEoJ1p3PDc1wYgowyiH57XHTENK6ID0oGOhIAnoYDRe+BkfWCbCsVT2CYPH7N+OEUm0HiahdSbE9PWslpP/aZ3MxGfBiIk0MyDoZFCccWwkzq/HEVNADR9aQKhidldM+0QRamxG01N4T1pDP5k+RUgQUZCrqYbMJiCjmWPzRh+C3w98a7D5erNpzoN7v+EdN/zbk9rFZZF0Ge2hfVRHHjpFF+gGNVELUcTRC3pFb8678+l8Od8Ta8kpenbRVJUWfwAwu7JR</latexit>

P
<latexit sha1_base64="SoPSfpj+To47aLBt+gYlmo1JL7k=">AAACTHicbVBNS8NAEN1UrbV+tXr0EiyCBylJFfRY9OKxgv3ANpTNZtIu3eyG3Y1QQv+FV/1J3v0f3kRw0wa0rQMLj/fe7Mw8P2ZUacf5sAobm1vF7dJOeXdv/+CwUj3qKJFIAm0imJA9HytglENbU82gF0vAkc+g60/uMr37DFJRwR/1NAYvwiNOQ0qwNtTTIMJ67Ptpazas1Jy6My97Hbg5qKG8WsOqdTEIBEki4JowrFTfdWLtpVhqShjMyoNEQYzJBI+gbyDHESgvna88s88ME9ihkOZxbc/Zvx0pjpSaRr5xZiuqVS0j/9P6iQ5vvJTyONHAyWJQmDBbCzu73w6oBKLZ1ABMJDW72mSMJSbapLQ8hY2EMYyj5VO4AB54mRorSEwCIlg5NmtsgPf7QcMYTL7uaprroNOou5f1xsNVrXmbJ11CJ+gUnSMXXaMmukct1EYEcfSCXtGb9W59Wl/W98JasPKeY7RUheIP7eG0vw==</latexit>

F (t) = P(T > t)
<latexit sha1_base64="1/sUzSlVNDv7lPk2f7o1AEeOgc0="></latexit>

P(P < p) = P(F (T ) < p) = P(T > F�1(p)) = F (F�1(p)) = p
<latexit sha1_base64="CYFHcNjLnppLmw2KbwUNoYjQhds="></latexit>



A Generic Decision Rule

University of California, Berkeley

• Reject       if the random variable      is equal to 1:

• This yields Neyman-Pearson control in the case of a single 
simple hypothesis (where all the      are the same and all the   
are set equal to some fixed value, say 0.05)

Hi
<latexit sha1_base64="Md6lnHJh6TSK8wfy9ptGauBohJU=">AAACRXicbVDLSsNAFJ34rPXV6tJNsAgupCRV0GXRTZcV7QPaUCaTm3boZCbMTIQS+glu9ZP8Bj/CnbjVSRvQtl4YOJxz7tx7jx8zqrTjvFtr6xubW9uFneLu3v7BYal81FYikQRaRDAhuz5WwCiHlqaaQTeWgCOfQccf32V65wmkooI/6kkMXoSHnIaUYG2oh8aADkoVp+rMyl4Fbg4qKK/moGxd9ANBkgi4Jgwr1XOdWHsplpoSBtNiP1EQYzLGQ+gZyHEEyktnu07tM8MEdiikeVzbM/ZvR4ojpSaRb5wR1iO1rGXkf1ov0eGNl1IeJxo4mQ8KE2ZrYWeH2wGVQDSbGICJpGZXm4ywxESbeBansKEwhlG0eAoXwAMvU2MFiUlABEvHZo018H4/qBmDydddTnMVtGtV97Jau7+q1G/zpAvoBJ2ic+Sia1RHDdRELUTQED2jF/RqvVkf1qf1NbeuWXnPMVoo6/sHN7iydg==</latexit>

Ti
<latexit sha1_base64="ZkmOAwCVUFsfNNsF08ukUTekghM=">AAACRXicbVDLSsNAFJ34rPXV6tJNsAgupCRV0GXRjcuKfUEbymRy0w6dzISZiVBCP8GtfpLf4Ee4E7c6aQPa1gsDh3POnXvv8WNGlXacd2ttfWNza7uwU9zd2z84LJWP2kokkkCLCCZk18cKGOXQ0lQz6MYScOQz6Pjju0zvPIFUVPCmnsTgRXjIaUgJ1oZ6bA7ooFRxqs6s7FXg5qCC8moMytZFPxAkiYBrwrBSPdeJtZdiqSlhMC32EwUxJmM8hJ6BHEegvHS269Q+M0xgh0Kax7U9Y/92pDhSahL5xhlhPVLLWkb+p/USHd54KeVxooGT+aAwYbYWdna4HVAJRLOJAZhIana1yQhLTLSJZ3EKGwpjGEWLp3ABPPAyNVaQmAREsHRs1lgD7/eDmjGYfN3lNFdBu1Z1L6u1h6tK/TZPuoBO0Ck6Ry66RnV0jxqohQgaomf0gl6tN+vD+rS+5tY1K+85Rgtlff8ATkSygg==</latexit>

Ti =

⇢
1, if Pi  ↵i

0, otherwise
<latexit sha1_base64="mKcEJ1bCXOU6FI3UPNLDpPYd02M="></latexit>

Hi
<latexit sha1_base64="Md6lnHJh6TSK8wfy9ptGauBohJU=">AAACRXicbVDLSsNAFJ34rPXV6tJNsAgupCRV0GXRTZcV7QPaUCaTm3boZCbMTIQS+glu9ZP8Bj/CnbjVSRvQtl4YOJxz7tx7jx8zqrTjvFtr6xubW9uFneLu3v7BYal81FYikQRaRDAhuz5WwCiHlqaaQTeWgCOfQccf32V65wmkooI/6kkMXoSHnIaUYG2oh8aADkoVp+rMyl4Fbg4qKK/moGxd9ANBkgi4Jgwr1XOdWHsplpoSBtNiP1EQYzLGQ+gZyHEEyktnu07tM8MEdiikeVzbM/ZvR4ojpSaRb5wR1iO1rGXkf1ov0eGNl1IeJxo4mQ8KE2ZrYWeH2wGVQDSbGICJpGZXm4ywxESbeBansKEwhlG0eAoXwAMvU2MFiUlABEvHZo018H4/qBmDydddTnMVtGtV97Jau7+q1G/zpAvoBJ2ic+Sia1RHDdRELUTQED2jF/RqvVkf1qf1NbeuWXnPMVoo6/sHN7iydg==</latexit>

↵i

<latexit sha1_base64="nW4Uv1pVkQfFa1h/zNUvz3Nc7d0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhjLZbtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrToCaCS5Z03AjWCdRDKNAsHYwvp357SemNI/lg5kkzI9wKHnIKRordXookhH2eb9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhFd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdK6qHq16vV9rVK/yeMowgmcwjl4cAl1uIMGNIGCgGd4hTfn0Xlx3p2PRWvByWeO4Q+czx8NoJAA</latexit>



Multiple Hypothesis Testing

• Let’s now consider multiple tests, in particular repeated 
tests of the same hypothesis

• The row-focused Neyman-Pearson paradigm provides 
a priori control over errors made in those cases in 
which the null hypothesis is true

• This isn’t very natural when the hypotheses are “cases” 
which arise randomly according to their prevalence

• It also makes little sense when we’re testing a bag of 
different hypothesis (cf., A/B testing)

University of California, Berkeley



Multiple Decisions: The Statistical Problem







A First Attempt:  Bonferroni

• Let’s suppose that we’re conducting      tests, not just one
• Let     denote the number of false-positive errors in my      

tests, and let                 denote the event of a false positive 
error on the test 

• Let’s use a rejection threshold of           in the classical 
paradigm instead of

• This controls a certain error rate… 

University of California, Berkeley

m
<latexit sha1_base64="hgrbGyfUs1b/Mr5+M32Ck4D9zmA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP1tuM9Q==</latexit>

↵/m
<latexit sha1_base64="VRkjbO0eWxS1YFB1RBe6u4TFWS4=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4qkkV9Fj04rGC/ZA2lMl20y7dTcLuRiihv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4BFrGG4EayeKoQwEawWj26nfemJK8zh6MOOE+RIHEQ85RWOlxy6KZIjnRPZKZbfizkCWiZeTMuSo90pf3X5MU8kiQwVq3fHcxPgZKsOpYJNiN9UsQTrCAetYGqFk2s9mB0/IqVX6JIyVrciQmfp7IkOp9VgGtlOiGepFbyr+53VSE177GY+S1LCIzheFqSAmJtPvSZ8rRo0YW4JUcXsroUNUSI3NqGhD8BZfXibNasW7qFTvL8u1mzyOAhzDCZyBB1dQgzuoQwMoSHiGV3hzlPPivDsf89YVJ585gj9wPn8AIFGP9g==</latexit>

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

V
<latexit sha1_base64="ZHTJuVrsXJ8Nz2mGcO2drL0vXec=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fs/+M3g==</latexit>

m
<latexit sha1_base64="hgrbGyfUs1b/Mr5+M32Ck4D9zmA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP1tuM9Q==</latexit>

{Ei = 1}
<latexit sha1_base64="nKTX0oUKhGGPqH37T1VQxNsbq/0=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV9CIURfBYwX5AEspmu2mXbnbD7kQooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMi1LBDbjut7Oyura+sVnaKm/v7O7tVw4O20ZlmrIWVULpbkQME1yyFnAQrJtqRpJIsE40up36nSemDVfyEcYpCxMykDzmlICV/CC/63F8jb1g0qtU3Zo7A14mXkGqqECzV/kK+opmCZNABTHG99wUwpxo4FSwSTnIDEsJHZEB8y2VJGEmzGcnT/CpVfo4VtqWBDxTf0/kJDFmnES2MyEwNIveVPzP8zOIr8KcyzQDJul8UZwJDApP/8d9rhkFMbaEUM3trZgOiSYUbEplG4K3+PIyaddr3nmt/nBRbdwUcZTQMTpBZ8hDl6iB7lETtRBFCj2jV/TmgPPivDsf89YVp5g5Qn/gfP4A40OQVw==</latexit>

ith
<latexit sha1_base64="sN8f+DclUnPjgtBwHweY71lZdTY=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ac0oWy2m3bp7ibsTsQS8je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBHcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMXGqKWvTWMS6FxLDBFesDRwE6yWaERkK1g0ntzO/+8i04bF6gGnCAklGikecErCSzzNfhvFTBuM8H1Rrbt2dA68SryA1VKA1qH75w5imkimgghjT99wEgoxo4FSwvOKnhiWETsiI9S1VRDITZPObc3xmlSGOYm1LAZ6rvycyIo2ZytB2SgJjs+zNxP+8fgrRdZBxlaTAFF0silKBIcazAPCQa0ZBTC0hVHN7K6ZjogkFG1PFhuAtv7xKOo26d1Fv3F/WmjdFHGV0gk7ROfLQFWqiO9RCbURRgp7RK3pzUufFeXc+Fq0lp5g5Rn/gfP4A5C6SPQ==</latexit>



A First Attempt:  Bonferroni

University of California, Berkeley

P (V � 1) = P ([m
i=1{Ei = 1})


mX

i=1

P ({Ei = 1})


mX

i=1

↵/m

= ↵
<latexit sha1_base64="X3YUDa7q95koQQqQSqKeIBeh9/A="></latexit>

• We’ve controlled a quantity known as the family-wise error 
rate (FWER)
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Example

• Suppose that we obtain p-values from 25 experiments
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Hypothesis Index

Naïve Multiple Decision-Making

• Suppose that we simply reject each test independently if its p-value is 
smaller than some thresholding



Naïve Multiple Decision-Making

• Suppose that we simply reject each test independently if its p-value is 
smaller than some thresholding
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Naïve Multiple Decision-Making

• An oracle knows the truth: that the blue-shaded bars correspond to nulls 
(Reality = 0) and the red-shaded bars to alternatives (Reality = 1)
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Naïve Multiple Decision-Making

• We see that the decision-maker is avoiding false negatives, but its false 
discovery proportion is 4/11; pretty bad! 
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Naïve Multiple Decision-Making

• We see that the decision-maker is avoiding false negatives, but is making a 
lot of false positives, and its false discovery proportion is 4/11; pretty bad! 
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Bonferroni

• Bonferroni avoids those false positives, but is making a lot of false 
negatives, and its false discovery proportion is 1/2; even worse! 
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Is There Something Else We Can Do?
• It’s not clear that any fixed threshold will work, and it’s not 

how to set such a threshold without knowing the truth
• We have to think out of the box: we’ll be developing a 

procedure that works with sorted p-values, and compares 
them to a line with a positive slope, not a horizontal line!

University of California, Berkeley
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Is There Something Else We Can Do?
• It’s not clear that any fixed threshold will work, and it’s not 

how to set such a threshold without knowing the truth
• We have to think out of the box: we’ll be developing a 

procedure that works with sorted p-values, and compares 
them to a line with a positive slope, not a horizontal line!

University of California, Berkeley
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But let’s not 
get ahead of 

ourselves



A Bayesian Calculation

University of California, Berkeley

P (H = 0 |D = 1) =
P (H = 0, D = 1)

P (D = 1)
<latexit sha1_base64="lbyCk/xWeDznrWu6Lo2j76jEOo0=">AAACInicbVDLSgMxFM3UV62vUZdugkWoIGWmCupCKOqiywr2AZ2hZNJMG5rJDElGKGO/xY2/4saFoq4EP8ZMO4K2Hsjl5Jx7Se7xIkalsqxPI7ewuLS8kl8trK1vbG6Z2ztNGcYCkwYOWSjaHpKEUU4aiipG2pEgKPAYaXnDq9Rv3REhachv1SgiboD6nPoUI6WlrnleL9XgBbSgcwTv03Ktb/ahLo4vEE4y+0cfayFjXbNola0J4DyxM1IEGepd893phTgOCFeYISk7thUpN0FCUczIuODEkkQID1GfdDTlKCDSTSYrjuGBVnrQD4U+XMGJ+nsiQYGUo8DTnQFSAznrpeJ/XidW/pmbUB7FinA8fciPGVQhTPOCPSoIVmykCcKC6r9CPEA6GqVTLegQ7NmV50mzUraPy5Wbk2L1MosjD/bAPigBG5yCKqiBOmgADB7AE3gBr8aj8Wy8GR/T1pyRzeyCPzC+vgGAZZxJ</latexit>



A Bayesian Calculation

University of California, Berkeley

P (H = 0 |D = 1) =
P (H = 0, D = 1)

P (D = 1)

=
P (D = 1 |H = 0)P (H = 0)

P (D = 1)

=
P (Type I error) · ⇡0

P (D = 1)
<latexit sha1_base64="UeYtvtJMFQfP8JrLPmW6cwOE49I="></latexit>

• We could upper bound       with 1, and so the numerator can 
be controlled; what about the denominator? 

⇡0
<latexit sha1_base64="3xtsb4/hq8JYByZC4t0vmy3Kk64=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7br9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx92cY50</latexit>



A Bayesian Calculation

University of California, Berkeley

• Using the law of total probability, we have:

P (D = 1) = P (D = 1 |H = 0)P (H = 0) + P (D = 1 |H = 1)P (H = 1)
<latexit sha1_base64="/yf/HOBLZz/wvx4AkyKtx+RVcLM=">AAACOHicbVDLSgMxFM3UV62vUZdugkVpUcpMFXQjFHXRnRXsA9qhZNJMG5rJDElGKLWf5cbPcCduXCji1i8w046gbS8k99xzzyW5xw0ZlcqyXozUwuLS8kp6NbO2vrG5ZW7v1GQQCUyqOGCBaLhIEkY5qSqqGGmEgiDfZaTu9q/ifv2eCEkDfqcGIXF81OXUoxgpTbXNm0ruGl5AOw8PdUoK2DqGD/FV1pWV13QCjuYq7F+FBm0zaxWsccBZYCcgC5KotM3nVifAkU+4wgxJ2bStUDlDJBTFjIwyrUiSEOE+6pKmhhz5RDrD8eIjeKCZDvQCoQ9XcMz+nRgiX8qB72qlj1RPTvdicl6vGSnv3BlSHkaKcDx5yIsYVAGMXYQdKghWbKABwoLqv0LcQwJhpb3OaBPs6ZVnQa1YsE8KxdvTbOkysSMN9sA+yAEbnIESKIMKqAIMHsEreAcfxpPxZnwaXxNpykhmdsG/ML5/ANZrnzw=</latexit>



A Bayesian Calculation

University of California, Berkeley

• Using the law of total probability, we have:

so we see that                    depends on the priorP (D = 1)
<latexit sha1_base64="GuE5xXFM7FyBdUXAyZ0vvEmcp5c=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuFfQiFPXgsYL9gHYp2TTbhmaTNckKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q0nqjST4sGMY+pHeCBYyAg2VmrXy7foCnmnvWLJrbgzoGXiZaQEGeq94le3L0kSUWEIx1p3PDc2foqVYYTTSaGbaBpjMsID2rFU4IhqP53dO0EnVumjUCpbwqCZ+nsixZHW4yiwnRE2Q73oTcX/vE5iwks/ZSJODBVkvihMODISTZ9HfaYoMXxsCSaK2VsRGWKFibERFWwI3uLLy6RZrXhnler9eal2ncWRhyM4hjJ4cAE1uIM6NIAAh2d4hTfn0Xlx3p2PeWvOyWYO4Q+czx+dIo5h</latexit>

⇡0
<latexit sha1_base64="3xtsb4/hq8JYByZC4t0vmy3Kk64=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7br9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx92cY50</latexit>

P (D = 1) = P (D = 1 |H = 0)P (H = 0) + P (D = 1 |H = 1)P (H = 1)

= ⇡0P (D = 1 |H = 0) + (1� ⇡0)P (D = 1 |H = 1)
<latexit sha1_base64="oBV2Pfi8L7bgS09iopBfMJov2x0="></latexit>



A Bayesian Calculation

University of California, Berkeley

• Using the law of total probability, we have:

so we see that                   depends on the prior
• Is this a problem?

– i.e., do we have to either decide to be Bayesian and supply the prior, or decide to 
be frequentist and abandon this approach?

• No!  Note that it’s easy to estimate                   directly from the 
data!

P (D = 1)
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P (D = 1) = P (D = 1 |H = 0)P (H = 0) + P (D = 1 |H = 1)P (H = 1)

= ⇡0P (D = 1 |H = 0) + (1� ⇡0)P (D = 1 |H = 1)
<latexit sha1_base64="oBV2Pfi8L7bgS09iopBfMJov2x0="></latexit>

P (D = 1)
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Towards an Algorithm

University of California, Berkeley

• We will plug in an estimate of                   into the Bayesian 
posterior probability

– this is called empirical Bayesian
• And we will use the empirical Bayesian estimate to set a threshold
• Let’s consider 

P (D = 1)
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Controlling the FDR

University of California, Berkeley

• Benjamini & Hochberg (1995) proposed an algorithm that does it
• Given     tests, obtain p-values     , and sort them from smallest to 

largest, denoting the sorted p-values as 
Pi

<latexit sha1_base64="GyYTPGf2JzL3Lrveya0tktbVXvc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAk7o20</latexit>

m
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<latexit sha1_base64="rxX1keHZTdGF11HbQ62rTndfCYw=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mqoMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJaPZpKgH9Gh5CFn1Fip3ehnlfHFtF8qu1V3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtoQvOWXV0mrVvUuq7WHq3L9No+jAKdwBhXw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9Y1J585gT9wPn8AtIOPJw==</latexit>



Controlling the FDR

University of California, Berkeley

• Benjamini & Hochberg (1995) proposed an algorithm that does it
• Given     tests, obtain p-values     , and sort them from smallest to 

largest, denoting the sorted p-values as 
– the small ones are the safest to reject

Pi
<latexit sha1_base64="GyYTPGf2JzL3Lrveya0tktbVXvc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAk7o20</latexit>

m
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P(k)
<latexit sha1_base64="rxX1keHZTdGF11HbQ62rTndfCYw=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0mqoMeiF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3cxvP6HSPJaPZpKgH9Gh5CFn1Fip3ehnlfHFtF8qu1V3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtoQvOWXV0mrVvUuq7WHq3L9No+jAKdwBhXw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9Y1J585gT9wPn8AtIOPJw==</latexit>



Controlling the FDR

University of California, Berkeley

• Benjamini & Hochberg (1995) proposed an algorithm that does it
• Given     tests, obtain p-values     , and sort them from smallest to 

largest, denoting the sorted p-values as 
– the small ones are the safest to reject

• Now, find the largest    such that:

Pi
<latexit sha1_base64="GyYTPGf2JzL3Lrveya0tktbVXvc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh0Zf9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAk7o20</latexit>
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k

m
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Controlling the FDR

University of California, Berkeley

• Benjamini & Hochberg (1995) proposed an algorithm that does it
• Given     tests, obtain p-values     , and sort them from smallest to 

largest, denoting the sorted p-values as 
– the small ones are the safest to reject

• Now, find the largest    such that:

• Reject the null hypothesis (i.e., declare discoveries) for 
all hypotheses       such that 
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Controlling the FDR

University of California, Berkeley

• Benjamini & Hochberg (1995) proposed an algorithm that does it
• Given     tests, obtain p-values     , and sort them from smallest to 

largest, denoting the sorted p-values as 
– the small ones are the safest to reject

• Now, find the largest    such that:

• Reject the null hypothesis (i.e., declare discoveries) for 
all hypotheses       such that 

• This controls the FDR!
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The Online Problem

University of California, Berkeley

• Classical statistics, and also the Benjamini & Hochberg 
algorithm focused on a batch setting in which all data has 
already been collected

• E.g., for Benjamini & Hochberg, you need all of the p-values 
before you can get started

• Is is possible to consider methods that make sequences of 
decisions, and provide FDR control at any moment in time

• Is it conceivable that one can achieve lifetime FDR control?



Many enterprises run thousands
of different (independent) A/B tests over time
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What we will do instead:
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Online FDR control : high-level picture

Error budget 
for first test

Error budget for 
second test

Tests use wealth

Discoveries 
earn wealth

Error budget
is data-dependent

Infinite process



Online FDR control

• classical FDR literature assumes that the data for all hypotheses is collected 
at once, and only after all the p-values are available, one can decide which of 
the hypotheses should be proclaimed discoveries

• in modern testing we often do not know how many hypotheses we want to 
test in advance

• instead, a possibly infinite sequence of tests (i.e. p-values) arrives 
sequentially

• we have to make decisions online, with no knowledge of future tests, in a way 
that guarantees FDR control under a pre-specified level      at any given time

• motivating examples: A/B testing, large-scale clinical trials…



Online vs offline FDR control
• classical FDR procedures (like BH) which 

make all decisions simultaneously are called 
“offline”

P1 P2 P3

P4 P5

decisions

• online FDR procedures make decisions one at 
a time

P1 P2 P3 P4 P5

time

decision decision decision decision decision



Example: A/B testing
• online FDR algorithms pick significance level 

adaptively
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Online FDR algorithm
• the first online FDR algorithm was 

due to Foster and Stine (2008)
• a more recent (and simpler) online 

FDR algorithm is due to Javanmard 
and Montanari, and is called LORD

• its basic idea is to assign      in a 
way that ensures



• Why ensuring                                          
controls FDR:

, and we have

so



Back to Inference

• Can we develop general frameworks that allow us to 
control column-wise quantities like the false-discovery 
rate (FDR)?

– in a similar way as Neyman-Pearson controls the false-positive 
rate

• To be continued…

University of California, Berkeley


